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This thesis studies the approximation of solutions to partial differential equa-
tions (PDEs) over domains discretized by the dual of a simplicial mesh. While
‘primal’ methods associate degrees of freedom (DoF's) of the solution with spe-
cific geometrical entities of a simplicial mesh (simplex vertices, edges, faces,
etc.), a ‘dual discretization method’ associates DoF's with the geometric duals
of these objects. In a tetrahedral mesh, for instance, a primal method might
assign DoF's to edges of tetrahedra while a dual method for the same problem

would assign DoF's to edges connecting circumcenters of adjacent tetrahedra.

Dual discretization methods have been proposed for various specific
PDE problems, especially in the context of electromagnetics, but have not
been analyzed using the full toolkit of modern numerical analysis as is consid-
ered here. The recent and still-developing theories of finite element exterior
calculus (FEEC) and discrete exterior calculus (DEC) are shown to be essen-

tial in understanding the feasibility of dual methods. These theories treat the
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solutions of continuous PDEs as differential forms which are then discretized
as cochains (vectors of DoFs) over a mesh. While the language of DEC is ideal
for describing dual methods in a straightforward fashion, the results of FEEC

are required for proving convergence results.

Our results about dual methods are focused on two types of stability
associated with PDE solvers: discretization and numerical. Discretization sta-
bility analyzes the convergence of the approximate solution from the discrete
method to the continuous solution of the PDE as the maximum size of a mesh
element goes to zero. Numerical stability analyzes the potential roundoff errors
accrued when computing an approximate solution. We show that dual meth-
ods can attain the same approximation power with regard to discretization
stability as primal methods and may, in some circumstances, offer improved

numerical stability properties.

A lengthier exposition of the approach and a detailed description of our

results is given in the first chapter of the thesis.
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Chapter 1

Introduction

1.1 Problem Statement

The challenge in designing stable numerical methods comes from an
interplay between the necessities of the discrete computational problem for-
mulation and the inherent constraints of the corresponding continuous math-
ematical formulation. Proof of the existence and uniqueness of the solution
to a partial differential equation (PDE) in a continuous setting, for instance,
does not guarantee that a particular numerical method will converge to that
solution. Likewise, stable numerical methods designed based on ease of im-
plementation, backwards compatibility, or similar concerns from the discrete
setting may become so popular with their users that alternative methods with
equal theoretical justification and possibly greater computational value remain

unconsidered.

The goal of this thesis is to exhibit how a wide class of PDE problems
are amenable to solution by “dual mesh” discretization methods frequently
dismissed or glossed over in the literature. The mathematical underpinnings
of the continuous setting make such constructions simple to motivate from a

theoretical perspective. At the same time, a variety of techniques from the dis-



crete setting, including finite element methodologies, discrete exterior calculus,
and generalized barycentric interpolation, make dual methods feasible for im-
plementation. We will show that the resulting methods are novel in definition,
canonical in theoretical backing, and beneficial to practicing computational

scientists.

To motivate the approach, we introduce a number of diagrams showing
the various operators relating continuous and discrete function spaces, both
primal and dual. Continuous PDE problems have solutions naturally over
a space of continuous functions A*, where the index k corresponds to the
dimensionality, in a certain sense, of the solution function. The elements of
these spaces can be treated as differential k-forms and the standard operators
on them (grad, curl, div) can be treated as instances of the exterior derivative
operator d. The rich theory of exterior calculus also gives a natural mapping
called the Hodge star x taking A* isometrically onto A" where n is the
dimension of the underlying manifold domain. Using an overline to denote a
dual treatment, these maps relate the spaces in the following fashion for n = 3.
do

d1 d2

primal forms: A0 Al A2 A3
dual forms: A % A @ A & A

In the discrete setting, approximate solutions to a PDE are written as a linear
combination of a finite number of basis functions. The coeflicients of the basis
functions are sufficient to describe the discrete solution and hence our discrete

solution spaces consist of vectors of real coefficients. These vector spaces are



called cochain spaces and, like the continuous differential form spaces, can be
associated with a dimensionality k. The emergent theory of discrete exterior
calculus has shown how to recreate the essential properties of the continuous
setting canonically in a discrete setting. This gives us primal and dual cochain
spaces (C* and @k), primal and dual exterior derivative maps (D;, and D! ;)
and primal and dual discrete Hodge stars (M, and M;i ,) in direct analogy to
their continuous counterparts.

Do

Dy D2

primal cochains: Co Ct C? c?
(Mo)lwmo (Ml)lan (Mz)luMz (Ms)luMs
dual cochains: c’ o7 c’ G c' D)T ¢’

The essential question then becomes how to define maps between the A* and C*
spaces which allow for a priori estimates on the error incurred by discrete ap-
proximation of continuous functions. Maps from continuous to discrete spaces
are called projection maps, denoted by P, and maps in the opposite direction
are called interpolation maps, denoted by Z. Since primal cochain spaces are
associated with simplicial domain meshes (i.e. triangulations for n = 2 and
tetrahedralizations for n = 3) and interpolation over simplices is well under-

stood, the natural maps to consider are as follows.

primal forms: A° a0 Al & A? & A3
A A
primal cochains: CO Do Cl o C? = c3

An enormous amount of effort has gone into proving asymptotic optimal error

estimates in this context of primal forms and primal cochains, though not



always in the language of continuous or discrete exterior calculus. With this
language, however, we can immediately consider the possibility of analogous

projection and interpolation maps over the dual spaces.

dual forms: A & A d A do
T3 ips Zz,N/P2 Il”'fjl Zo iPO
. =3 52 Vel C
dual cochains: C ogr € oyt C ot C

Putting these four diagrams together, we see the complete set of maps relat-
ing the continuous and discrete settings. Map labels are omitted for readabil-
ity, however, arrows indicate a continuous or discrete uni-directional exterior

derivative operator.
primal forms A Al A? A3
AN ‘ AN ‘ AN ‘ AN
A | A | A | A

O dual forms

A

primal cochains CO—|—=(l—| =2 —|—= 3
AN AN AN

.
c’ c’ c' ¢’ dual cochains

A generic description of how this diagram is used to find approximate solutions

to PDEs is as follows.

I. Translate the continuous PDE problem into the language of exterior

calculus.

II. Linearize the problem, possibly by introducing an intermediary vari-

able.

III. Discretize the k-forms into k-cochains and the operators d and * into

D and M matrices.



IV. Solve a linear system constructed from the discrete equations.

Our approach focuses on the fact that there are two canonical ways to carry
out the discretization in step III. For instance, let u be a variable treated as a k-
form in the linearized continuous problem. Then u can be treated as an element
of A*, resulting in its discretization as a primal cochain U, or as an element of
Kk, resulting in its discretization as a dual cochain U. The choice of primal or
dual discretization for u fixes the discretization of the remaining variables and
operators meaning there are only two fundamental methods in this framework.
However, since U and U are approximations of u in different finite dimensional
vector spaces, there may be significant computational advantages to choosing

one discretization over the other.

We will show in this thesis how dual discretization methods can achieve
the same approximation power with the same error estimates as their primal
counterparts and, in some circumstances, may be more computationally ef-
ficient or numerically stable. In the remainder of this chapter, we will put
our work in the context of existing theories and summarize our results more

precisely.

1.2 Context in the Literature

Exterior calculus and its relationship to the numerical analysis of partial
differential equations are currently receiving increasing attention from both

mathematical and computer science research communities. The recent widely



acclaimed mathematical work on Finite Element Exterior Calculus (FEEC) by
Arnold, Falk and Winther [7, 6] has shown how many well known results about
stable bases for finite element methods [24, 30, 72, 73, 80] can be characterized
completely using the language of exterior calculus. This can be seen as a ‘top-
down’ approach, since it starts with an abstract Hilbert complex framework

and only specializes to specific interpolation operators at the last step.

Meanwhile, the theory of Discrete Exterior Calculus (DEC) [59, 32]
has taken more of a ‘bottom-up’ approach, starting with discrete differential
form spaces (i.e. cochain spaces) and building up the supporting theory as
required. Many prior efforts have made strides in defining a discrete calculus
in this fashion e.g. [14, 15, 56, 74, 83, 88]. DEC has gained traction in the
field for its straightforward terminology, resulting in its proposed application
to a variety of PDE problems [13, 45, 60, 99]. Moreover, various finite ele-
ment software packages now use the terminology of discrete differential forms,
including DOLFIN [67], PyDEC [12], and Lawrence Livermore National Lab-
oratory’s FEMSTER [25].

This thesis lies somewhere between these two exterior calculus camps.
While the notion of a dual-based method is natural in DEC, it is less obvi-
ous from a FEEC viewpoint since FEEC does not make use of dual cochains.
On the other hand, while DEC theory uses piecewise-defined functions, FEEC
uses the more formal notion of piecewise-defined distributions. This allows
FEEC to leverage results from applied functional analysis to ensure conver-

gence and stability properties of numerical methods. Since DEC relies on



these theoretical results from FEEC to claim robustness in its methodology,
the DEC-inspired dual-based methods proposed here must also be justified in
a FEEC context.

1.3 Summary of Results

(1) Generalized Dual-Based Discretization Methodology

(Section 3.1) The first contribution of this thesis is a rigorous and
canonical methodology for constructing dual-based discretizations. The lan-
guage of DEC reveals natural numerical methods in the dual context which
still respect the dimensionality of the continuous problem. While such ap-
proaches have been considered in specific contexts previously, they have not
been given the general treatment afforded by the DEC approach used here.
These constructions allow for rigorous error-checking and cross-confirmation of
the results of large scale simulation efforts. This is particularly valuable when

physical experimental confirmation of the results is impossible or expensive.
(2) Discretization Stability of Dual-Based Methods

(Sections 3.2 - 3.5) A crucial criterion for the viability of a numerical
method for PDEs is a proof that the error converges to zero (in an appropriate
norm) at an optimal rate as the mesh is refined. This is referred to as dis-
cretization stability or an asymptotic optimal error estimate. Starting with a
proof of discretization stability for a primal-based magnetostatics sketched by

Bossavit [19, 20], we show how the proof can be phrased in DEC language in a



natural fashion. We then exploit the same techniques to prove the discretiza-
tion stability of dual methods in both specific and general contexts. These
proofs imply that implementing a dual-based methodology would allow, in

theory, equal approximation power as their primal counterparts.

(3) Discretization Stability using Generalized Barycentric Interpo-

lation

(Section 3.6) The proofs of discretization stability of dual-based meth-
ods make use of a composed dual interpolation operator xZ,, _ kM;i k- [y
This operator, in effect, translates the dual problem to a primal one in order
to exploit standard stability results. While this is suitable for methods where
both primal and dual variables appear, we show that it is possible to achieve
the same estimate in the case n = 2, £ = 0 with a node-based interpolation
operator Zy. A form of generalized barycentric interpolation functions called
Sibson or ‘natural neighbor’ coordinates are used to define Z,. The discretiza-
tion stability result we prove requires only two modest assumptions on the
cells of the dual mesh: an upper bound on the aspect ratio and a lower bound
on the edge length when the cells are scaled to have diameter 1. The proof

also gives a set of techniques that can be used toward proving similar stability

results for larger values of k£ and n.
(4) Novel Whitney-like Interpolation Functions for Dual Meshes

(Section 4.1) The canonical construction of Whitney functions used in

the definition of the primal interpolation operators Z; suggests a similar con-



struction should be possible for defining generalized interpolation operators
T, over dual meshes. We define such operators for n = 2 and 3 and show
they share certain similar properties with their primal counterparts, including
the functional continuity properties required for use in finite element meth-
ods. These operators seem natural in the exterior calculus framework but are

unexamined in the current literature.
(5) Numerical Stability from an Inverse Discrete Hodge Star

(Sections 4.2 and 4.3) The discretization stability results ensure that
dual-based methods converge, but numerical stability results are required to
make efficiency versus accuracy tradeoffs between primal and dual methods.
Analysis of the systems considered in Chapter 3 reveals that the definition of
the discrete Hodge star operator Ml and its inverse are crucial to the condition
number of the linear system used to solve the discrete problem. In particu-
lar, we show how to construct a sparse inverse discrete Hodge star operator
(I\/JIkD“‘”)_1 by making use of the Whitney-like interpolation functions previ-
ously defined. As a proof of concept, we show through a particular example
that the condition number of (M} “al)_l can be an order of magnitude better
than the standard diagonal and ‘mass matrix’ discrete Hodge stars. The exam-
ple illustrates how a dual-formulated method can offer a practical alternative

to the typical primal approach.

We remark that the techniques developed in this thesis are applicable
to problems in any dimension n, not just n = 3. Since the preponderance of

modern applications are concerned with problems in R? however, most results



and definitions have been given in this context both for clarity and immediate

applicability to algorithmic design.

Parts of this thesis are based on work we presented in [46, 47, 48].
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Chapter 2

Background and Preliminaries

This thesis relies on a broad background of prior work from the fields
of differential topology, finite element methods, and computational geometry.
The material in this chapter may be read in any order, however, it has been
arranged in consideration of how it is used in the results chapters. Sections 2.1-
2.9 lay the groundwork for Sections 3.1-3.5 while Sections 2.10-2.12 are the
prerequisites for Section 3.6. Chapter 4 relies heavily on Sections 2.6, 2.8, and

2.10.

2.1 Continuous Exterior Calculus
We begin with a formal exposition of exterior calculus in the continuous

setting based on the presentations in [1, 52].

2.1.1 Exterior Algebra

Let V be a vector space and let V7 denote the Cartesian product of p
copies of V. A (real) p-tensor on V is a function 7" : V?» — R that it is

linear in each variable. The tensor product of a p-tensor T" and a ¢-tensor

11



S is defined by
TR S(V1y. -y Upy Uptty vy Upiq) =L (v1,...,0p) - S(Ups1, -+, Upig)

Note that this operation is not symmetric. A tensor T is called alternating
or anti-symmetric if and only if the sign of T is reversed whenever two
variables are transposed. Let S, denote the symmetric group on p elements.

An arbitrary tensor T is associated to the alternating tensor Alt 7', defined by

1
AT == S (=1)T",
o %( )

where

TW(UI, e ,Up) = T(Uw(l), e ,Uﬂ(p)).

Alternating p-tensors are closed under scalar multiplication and addition, thereby

forming a vector space:
AP(V*):={Alt T : T is a p-tensor on V'}

Definition 2.1. If " € A?(V*) and S € AY(V*), the wedge product of T
and S is defined by

TAS:=Alt (T®S)e APV

2.1.2 Exterior Calculus

Let © be an n-manifold embedded in some RY with n < N. Minimally,

we will assume 2 is a bounded subset, but we will usually consider the case

12



n = N = 3 and assume () has a piecewise smooth, Lipschitz boundary as this
allows us to identify € with its primal mesh (Definition 2.29) or dual mesh

(Definition 2.33).

Definition 2.2. Let 2 be a manifold of dimension n. Given a point x € 2,
we denote the tangent space of Q at x by 7,,(Q2). Let 0 < k < n. A k-form
w is a mapping from €2 to the space of alternating k-tensors on the tangent

space of € at the input point. We use the notation
k
w: Q= AF[TL(Q)], w(z) : EBTJE(Q) — R,
i=1

where w(z) is an alternating k-tensor. A O-form is taken to mean a real-valued

function on €2. We denote the space of continuous differential k-forms

on Q by A*(Q). O

Definition 2.3. A differential dz; is a 1-form whose action at x € M is to
assign the i® value of the input vector from T,(M). Let [ = {iy,...,ix} be a
list of indices. Define

drp:=dx; N--- Ndx;,.
We use the notation ay to a real-valued function in the variables of I.
Theorem 2.4. If {dxy,...,dx,} is an orthonormal basis for T,(S2) then
{dey: T={iy,...,ix}, 1<i3<---<ip<n}

is a basis for A*(Q). Put differently, any k-form w € A*(Q) can be written in

the form

w = E ardxy
I

13



where I ranges over all strictly increasing sequences of k indices.

The theorem is a standard result from differential topology.

Definition 2.5. The space of L?>-bounded continuous differential k-

forms on (2 is given by

L2AF(Q) = {Zald:pl e AMQ) : a; € LH(Q) \ﬂ}

O
Definition 2.6. The exterior derivative operator denoted by d is a map
d: AF(Q) — AFTHQ),
defined as follows. Let I := {iy,...,i;} denote an increasing sequence of k

indices (7; < i;4+1) and let dz; = dx;y A -+ Adx;,. Given w =), a;dx; define

(9@1

dw = Zdal Adxy where daj:=
I i€l

¢

We note that d commutes with pullbacks (that is, df*w = f*dw) and

that if w is a k-form and € is any form,

dw A b)) =dw A+ (—1)kw A db.

The exterior derivative plays a prominent role in Stokes’ Theorem,

which we now state.

14



Theorem 2.7. (Stokes) Given a compact, oriented n-dimensional manifold

Q with boundary 092 and a smooth (n— 1) form w on Q, the following equality

/ w:/dw.
o0 Q

Stokes’ Theorem provides an alternative definition for the exterior deriva-

holds:

tive.

Definition 2.8. (Alternative Definition) Let w be a k-form on a compact
oriented n-manifold Q (0 < k£ < n). The exterior derivative of w is the
unique (k + 1)-form dw such that on any (k + 1)-dimensional submanifold

IT C Q the following equality holds:

/dw:/ wW.
inl oIl

O

It can be shown that dw is well-defined in this way by proving the
existence and uniqueness of the d map via the definition (2.1). We note that

this definition will motivate the discrete exterior derivative in Definition 2.42.

Definition 2.9. The continuous Hodge star * maps between forms of com-
plementary and orthogonal dimensions, i.e. * : A¥ — A" % For domains in

R? as considered here, * is defined by the equations
xdry = drodrs, *dro = —dxidrs, *drs = dridrs,
x1 = dl’ldl'gdl‘g, ko — 1,

where {dz1, dxs,dr3} is an orthonormal basis for A*(Q). O

15



A more general treatment of x is given in Appendix A.

2.2 Functional Analysis
2.2.1 Distributions

The classical notion of a derivative relies strongly on the notion of well-
defined point values of functions; one cannot compute f(z + h) — f(x), for
instance, without a definition of the values of f near z. When solving for
solutions of a PDEs, it becomes useful to relax the notion of point values
and, instead, to seek solutions over a space of generalized functions called
distributions. This is especially relevant in solving PDEs over meshes as one
can efficiently seek a solution which is smooth on each element of the mesh

satisfying only minimal continuity requirements at element interfaces.

To make all this precise, we must fix a number of definitions; a complete
treatment can be found in [68]. We use the usual notation for partial deriva-
tives in arbitrary dimensions. An m-tuple a = (aq, ..., a,,) of non-negative

integers is called a multi-index. Define

m

la] = Em:ozj and ol := H(aj!)
j=1

j=1
The derivative with respect to « is
9\ ol
0% = H — =0
, Oz Ox{t .- - Qxfm
7j=1

|th

Hence 0% is an |a|"™ partial derivative where «; derivatives are taken with

respect to the it" variable.

16



The space of continuous functions on €2 with continuous mth (mixed)

partial derivatives is denoted
C™Q) = {y € C°(Q): 0 € C°(Q) for all o] <m}.
The L* norm on C™(£2) is given by

141

m,00,Q0 +— Z ||8aw||L°°(Q)

|| <m
The space of continuous, infinitely differentiable functions on €2 with compact

support is denoted
D(N) :=C5° () = {Y € C(Q) : supp(v) is compact.}

A sequence of functions can converge in || - ||m.co.0 norm to a function without
compact support meaning a stronger norm is required to get a complete metric

space on D(1).

Definition 2.10. A sequence {¢;}32, C D(Q2) converges to ¢ in D(Q) if
and only if there exists a fired compact set K C 2 such that supp(¢);) C K

for all j and lim;_, [[1); — ¥||n.000 = 0 for all n. O

In words, a sequence {1;} converges in D(€2) if and only if the ¢); have
support in the same compact set K and their derivatives converge uniformly.
From this definition, the usual notion of Cauchy sequences can be used to
show that ©(Q2) is complete. We can now define distributions as functionals

on D(NQ).
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Definition 2.11. A distribution on an open domain Q@ C R™ is a (sequen-
tially)! continuous linear functional on (). The space of all distributions on
2 is denoted ©'(Q2). The action of a distribution v on an element ¢ € D(Q)

is denoted < u, 1) > O

Definition 2.12. A function f : Q) — R is said to be in L{ _ if it is locally

/K|f|<oo

for all bounded, measurable subsets K C 2. Any such function can be associ-

integrable, i.e. if

ated with the distribution u defined by

< u, ) >i= / fv
Q
for any ¢» € ©(2). Hence we have a canonical inclusion mapping
L L. — D'(Q).
A distribution u € ®'(2) is said to be regular if there exists f € L such

that ¢f = u. O

Note that if z¢ € €2 and « is a multi-index, the distribution < u, 9 >:=
0%Y(xp) is an example of a non-regular or ‘singular’ distribution. In this thesis,

however, we will only be concerned with regular distributions.

The action of an operator on a distribution is expressed via a pullback

operation. Suppose T : D(Q) — D() is sequentially continuous and linear.

Tt can be shown that a linear functional on D () is continuous if and only if it is
sequentially continuous, hence we put sequentially in parentheses.
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Given a distribution u € ©'(2), the pullback 7™ : ®'(2) — ©’(Q) is defined

by the relationship
<u, Ty >=<Tru,ip > Y € D(Q),

where T*u denotes the pullback of w by T', that is, T*u := uoT € D'(Q). This

allows us to define a generalization of the derivative.

Definition 2.13. Given a regular distribution v € ®©’(2) and a multi-index
«, the derivative of u with respect to « is denoted D®. It is defined as the

pullback of 9% on f, i.e.
< D%, tp >= (=1) <wu, 0% > VY € D(Q).

With this tool, we can now think about the V operator in R? as a differential

operator on distributions given by
V = (D(l,o,o)’D(O,l,o)’D(o,0,1)>'

The curl and div operators in R? act on vectors of distributions and will be

denoted as usual by Vx and V-, respectively. O

In the remainder of the thesis, functions should be understood in a
distributional sense, but we will only need to resort to the terminology defined

here when it is required for proofs and arguments.

We will make use, in particular of the following Sobolev norms and

semi-norms on distributions.
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Definition 2.14. Let m > 0 be an integer. The mth L? Sobolev semi-norm
over a set 2 € R" is defined by
3
2 «
il i= X ([ 10%2)
|a|=m Q
The mth L? Sobolev norm is given by

2 2
lullfm =Y lulj

0<k<m

The H° norm is the L? norm and will be denoted by ||-|| ;2. O

2.2.2 Hilbert Complexes

Definition 2.15. A real Hilbert space W is a vector space with a real-valued

inner product (-,-) such that W is complete with respect to the norm given by

Jwllw := (w,w)""2.

A Hilbert complex (W, d) is a sequence of Hilbert spaces W* and a sequence
of closed, densely defined linear operators dj, : W* — W*+1 such that the range

of dj is contained in the kernel of djq, i.e.
dk_|_1 o dk =0.

The domain complex (V,d) associated to (W, d) is the sequence of spaces
Vk = domain(d;) C W* along with the graph norm defined via the inner
product

(u, v) e == (u,0)yr + (dpw, dgv) e
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2.2.3 The deRham Complex

Definition 2.16. The space of L*-bounded differential forms (Definition 2.5)
along with the exterior derivative map define a Hilbert complex (L?A,d). The
associated domain complex, denoted (HA, d) is called the L?* deRham com-

plex:

do d1 dnfl

0 HA®

O

In the case n = 3, the norms on the spaces HA* reduce to standard
scalar and vector norms from finite element theory. To understand this reduc-
tion, however, we must define maps between the spaces of differential forms A*
and spaces of scalar and vector fields over 2. The maps from forms to fields
are called the sharp (#) maps while the maps from fields to forms are called

the flat (b) maps.

Since the maps are primarily a technical tool for proving convergence
results, we will only define the flat maps in the case n = 3. A general treatment

of these maps can be found in, for instance, [1, 59].

Definition 2.17. Let n =3 and let £ =0, 1, 2, or 3. The flat map converts
a scalar field ¢ : Q@ — R (for k = 0 or 3) or vector field 4 : Q — R? (for k =1
or 2) to a k-form as indicated in Table 2.1. The pre-superscript indicates the
value of k. The field is called the scalar or vector proxy for the associated

form.
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k | field associated k-form on €2 given by flat operator

0 ¢ |%(x) : 9—R st. o é(x)
1] a | ') T.(2) — R st v = d(x) v
20 @ |Z(z) : (T,(Q) —R st (v,vs) = d(x)- (vg X vy)

31 ¢ |3(x) (TI(Q))?’ — R st (v1,v2,03) = ¢(x)(vg - (v2 X v3))

Table 2.1: Definition of flat maps for n = 3.

The flat operators allow us to understand the continuous exterior cal-
culus operators d and * in terms of their actions on the associated scalar and

vector fields.

Lemma 2.18. Forn = 3, and ¢, u as in Definition 2.17, the following rela-

tionships between flat operators hold:
d(%¢) = Y(grad ¢) d( ) = *(curl @) d(*7) = *(div @).
0% = 3¢ ="  xf='a  xp="
oo ="(el")  taAta=(al)

Proof. Fix ¢ and ¢ as in Definition 2.17. Fix z € ). Write « in terms of its
component functions w; :  — R, i.e. @ = (uy,us,u3). For ease of notation,

we have omitted notation indicating that all partial derivatives are meant to
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be evaluated at x. By Definition 2.17,

b = ¢
lﬁ = uldxl + U2d$2 + U3dl’3
217: = uldl’gdxg + Ule’ngl + U3dx1dx2

3¢ = ¢d$1dl’2dl’3

Using the fact that dx; A dx; = 0, we compute

¢ 0¢ ¢
0 _ + [ =—=
d(’9) = (0351) dry (6@) divy (8903) ds
. Ouy  Ouy Ou;  Ous
1 ]
d('e) = (8:1:1 8:1:2) durdr; (8:1:3 8:1;1) drdiy

. Ou;  Ous  Ous
2
dCa) = (8x1 0o 8x3) 41 dmyaTs

d(’¢) = 0

The results are immediate from the definitions of grad, curl, div, d, and x. [J

Definition 2.19. Let n = 3. The H(curl) and H(div) norms on a vector

function @ : Q — R? are defined by
@] g ety == ][z + [leurl @lfjp2s

— -2 : (2
@l aivy = Ml + [ldiv [z

where |[[-[| ;23 denotes the sum of the L? norms of the component functions of

the vector-valued input. O
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Remark 2.20. For n = 3, there is a natural equivalence between norms on
scalar and vector functions and the graph norms of their images under an

appropriate flat mapping. More precisely,

][00 = 1@l
1'dl e = Nl euny
%@ ype = Nill
8]l = Nll]12

Accordingly, the L? deRham complex can be written equivalently as

2L (curl) - f(div) -9 72 (2.2)

2.3 Primal and Dual Domain Meshes
2.3.1 Manifold-like Simplicial Complexes

In algebraic topology, manifolds are discretized using simplicial com-
plexes, a notion which guides the entire theory of discrete exterior calculus.
We state the definition of simplicial complex here, along with supporting def-
initions to be used throughout. These definitions can be found in algebraic

topology texts such as Armstrong [4], Hatcher [53] and Hirani [59].

Definition 2.21. A k-simplex o¢” is the convex hull of k¥ + 1 geometrically
independent points vy, . .., v, € RY. Any simplex spanned by a (proper) subset
of {vg, ..., v} is called a (proper) face of o*. The union of the proper faces

of 0% is called its boundary and denoted Bd(c*). The interior of o* is
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Int(o*) = o*\Bd(c*). Note that Int(c")=0". The volume of ¢" is denoted

|o¥|. Define |0°] = 1. O

We will indicate that a simplex has dimension k& with a superscript, e.g.

o, and will index simplices of any dimension with subscripts, e.g. o;.

Definition 2.22. A simplicial complex K in R¥ is a collection of simplices

in RY such that

[. Every face of a simplex of K is in K.

IT. The intersection of any two simplices of K is either a face of each of

them or it is empty.

The union of all simplices of K treated as a subset of R is called the under-

lying space of K and is denoted by |K]|. O

Definition 2.23. A simplicial complex of dimension n is called a manifold-
like simplicial complex if and only if |K| is a C°-manifold, with or without

boundary. More precisely,

I. All simplices of dimension k with 0 < k < mn — 1 must be a face of some

simplex of dimension n in K.

II. Each point on | K| has a neighborhood homeomorphic to R™ or n-dimensional

half-space. O
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Remark 2.24. Since DEC is meant to treat discretizations of manifolds, we
will assume all simplicial complexes are manifold-like from here forward. We
note that |K| is thought of as a piecewise linear approximation of a smooth
manifold €2. Formally, this is taken to mean that there exists a homeomorphism
h between |K| and € such that h is isotopic to the identity. In applications,
however, knowing h or 2 explicitly may be irrelevant or impossible as K often
encodes everything known about 2. This emphasizes the usefulness of DEC

as a theory built for discrete settings. O

2.3.2 Orientation of Simplicial Complexes

We now review how to orient a simplicial complex K. The definitions

and conventions adopted here are taken from Hirani [59].

Definition 2.25. Define two orderings of the vertices of a simplex o* (k > 1)
to be equivalent if they differ by an even permutation. Thus, there are two

equivalence classes of orderings, each of which is called an orientation of o*.

If o is written as [vg,...,vs), the orientation of o* is understood to be the
equivalence class of this ordering. O
Definition 2.26. Let o® = [vg,...,v;] be an oriented simplex with k > 2.

This gives an induced orientation on each of the (k — 1)-dimensional faces
of o* as follows. Each face of o* can be written uniquely as [vo, ..., 0, ..., v,
where ¥; means v; is omitted. If 7 is even, the induced orientation on the face
is the same as the oriented simplex [v,...,0;,...,vg]. If 7 is odd, it is the

opposite. O
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We note that this formal definition of induced orientation agrees with
the notion of orientation induced by the boundary operator (Definition 2.41).

In that setting, a 0-simplex can also receive an induced orientation.

Remark 2.27. We will need to be able to compare the orientation of two ori-
ented k-simplices o and 7%. This is possible only if at least one of the following

conditions holds:

I. There exists a k-dimensional affine subspace P C R containing both

ok and 7F.
II. 0% and 7% share a face of dimension k — 1.

In the first case, write o* = [vg,...,vz] and 7% = [wp,...,w,]. Note that
{v1 — vo,v9 — Vg, ..., 0 — vo} and {w; — wp, wy — wo, ..., Wy — Wy} are two
ordered bases of P. We say ¢ and 7" have the same orientation if these bases
orient P the same way. Otherwise, we say they have opposite orientations. In
the second case, o and 7F are said to have the same orientation if the induced

orientation on the shared k — 1 face induced by o* is opposite to that induced

by 7*. O

Definition 2.28. Let ¢* and 7% with 1 < k < n be two simplices whose
orientations can be compared, as explained in Remark 2.27. If they have the
same orientation, we say the simplices have a relative orientation of +1,

otherwise —1. This is denoted as sgn(o*, 7%) = +1 or —1, respectively. O
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Definition 2.29. A manifold-like simplicial complex K of dimension n is
called an oriented manifold-like simplicial complex if adjacent n-simplices
agree on the orientation of their shared face. Such a complex will be called a

primal mesh from here forward. O

2.3.3 Dual Complexes

Dual complexes are defined relative to a primal mesh. While they
represent the same subset of RY as their associated primal mesh, they create
a different data structure for the geometrical information and become essential

in defining the various operators needed for DEC.

Definition 2.30. The circumcenter of a k-simplex o* is given by the center
of the unique k-sphere that has all k£ + 1 vertices of o on its surface. It is
denoted c(c*). A simplex o* is said to be well-centered if c(c*) € Int(c").
A well-centered simplicial complex is one in which all simplices (of all

dimensions) in the complex are well-centered. O

Definition 2.31. Let K be a well-centered primal mesh of dimension n and
let o* be a simplex in K. The circumcentric dual cell of ¢*, denoted D(c*),
is given by

D(c%) := U U Int(c(c®)e(a1) . .. c(a,)).

r=0  ogk<o1=<--<0oy

To clarify, the inner union is taken over all sequences of r simplices such that
o" is the first element in the sequence and each sequence element is a proper

face of its successor. Hence, o7 is a (k + 1) simplex and o, is an n simplex.
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For r = 0, this is to be interpreted as the sequence o* only. The closure of the
dual cell of o* is denoted D(c*) and called the closed dual cell. We will use

the notation % to indicate dual cells, i.e.

Each (n — k)-simplex on the points ¢(a*), c(0y), ..., c(o,) is called an elemen-
tary dual simplex of o*. The collection of dual cells is called the dual cell

decomposition of K and denoted D(K') or xK. O

Some examples of dual cells are shown in Figure 2.1 and discussed in
its caption. Note that the dual cell decomposition forms a CW complex (see

Munkres [71] for more on this).

2.3.4 Orientation of Dual Complexes

Orientation of the dual complex must be done in a such a way that it
“agrees” with the orientation of the primal mesh. This can be done canon-
ically since a primal simplex and any of its elementary dual simplices have
complementary dimension and live in orthogonal affine subspaces of RY. We
make this more precise and fix the necessary conventions with the following

definitions.

Definition 2.32. Let K be a primal mesh containing a sequence of simplices
o' <ol < ... < 0" and let o be one of these simplices with 1 < k < n — 1.

The orientation of the elementary dual simplex with vertices c(o*), ..., c(o™)
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*O

Figure 2.1: Primal simplices are shown in black in the top row: o

is a vertex,
ol is an edge, and o? is a face. Their corresponding dual cells for n = 2 are
shown in red (or grey, if no color) on the bottom row: %¢? is the barycenter
of 02, xo! is an edge between barycenters, and %o is a planar polygon with
barycenters as vertices. In three dimensions (n = 3), primal vertices have dual
polytopes, primal edges have dual polygonal facets, primal faces have dual

edges, and primal volumes have dual vertices.
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is s[c(a®),...,c(0™)] where s € {—1,+1} is given by the formula

s:=sgn ([c(c”),...,c(0")],0") x sgn ([c(c?),...,c(c™)],0").

The sgn function was defined in Definition 2.28.

For k = n, the dual element is a vertex which has no orientation. For

k =0, define s := sgn ([c(c?),...,c(c™)], ™). O

The above definition serves to orient all the elementary dual simplices
associated to o and hence all simplices in a dual cell decomposition. Further,
the orientations on the elementary dual simplices induce orientations on the
boundaries of dual cells in the same manner as given in Definition 2.26. The
induced orientations on adjacent (n — 1) cells will agree since the dual cell

decomposition comes from a primal mesh (see Definition 2.29).

Definition 2.33. The oriented dual cell decomposition of a primal mesh is

called the dual mesh. O

2.4 Functional Conformity over Meshes

Having described domain decomposition via primal and dual meshes
and their refinements, we can now seek solutions to PDEs defined piecewise
over each mesh element. To ensure that the global solution lies in the ap-
propriate space of the L? deRham complex (see (2.2)), certain compatibility
conditions must be satisfied at the interface of two adjacent mesh elements. A

useful reference for this material is Ern and Guermond [38].
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Theorem 2.34. Let K denote a primal or dual mesh with n = 3. Let u be a
distribution over K such that for each element T € K, v € CY(Int T)) and u
has a continuous extension from Int T' to OT. Let I’ denote a codimension 1
internal facet in T, shared by mesh elements denoted Ty and Ts. Let n; denote
the outward normal vector to T; with respect to facet F', and let u; denote the

continuous extension of u from T; to F'. Then
u€ HY(K) <= winy +ugig =0, VF € K. (2.3)

Proof. The proof is adapted from Ern and Guermond [38]. Let w; € L*(K)
be defined by w;|me 7 = 0j(ulme 7). Let ¥» € D(K). By the definitions in
Section 2.2.1 and by Stokes’ theorem,

<wj,p > = /ijd}_Z/ijw

TeK

= — Z /Tuhnt Tc?ijr Z /BTw(u’Int TnTJ)

TeK TeK

= —<Diuyp >+ Z Y(U|me T075)

Tek /T
where ng; is the jth component of 7ip. Hence showing that the last sum is
identically zero is both necessary and sufficient to say that u has a jth partial
derivative in L?(K) in a distributional sense. Regroup this sum to arrive at
Z V(Ui 77;) = Z ve; - (u1ng + ughng)
Ter Y OT FeK
where {e1, eg, e3} is the standard basis for R®. Thus e, - (u3ng + uzng) must be

identically zero for j = 1,2, 3, yielding the result. ]
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Corollary 2.35. If u; = uy on each face F € K then u € H'(K).

Proof. Since ny = —ny, condition (2.3) can be re-written as
(Ul — Ug)ﬁl = 0, VF c K,
from which the result follows. O

Theorem 2.36. Let K denote a primal or dual mesh with n = 3. Let Z :=
< Uy, ug,uz > be a vector of distributions over K where each wu; satisfies the
hypotheses of Theorem 2.34. Let Z; denote the continuous extension of Z from

T; to . The following characterizations hold.
ZGH(Cur1)<:>Zl><ﬁ1—|—52><ﬁ2:0, \V/FEK,
EEH(diV)<:>51"fl1+52'ﬁ2:0, VF € K.

The proof of Theorem 2.36 works in the same way as the proof of

Theorem 2.34.

Corollary 2.37. For each F € K, write Z; = Tr(Z;) + Np(2;) where Tp(Z;)

and Ng(Z;) are the tangential and normal components of Z; on F', respectively.
i. If Tp(2h) =Tr(25) for all F € K then Z € H(curl).
it. If Np(Z)) = Np(2y) for oll F € K then Z € H(div).

Proof. The result follows from the observations that Ng(Z;) x n; = 0 and
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The functional conformity theorems provide sufficient conditions to en-
sure the various types of continuity required for piecewise approximation of
solutions to PDEs. It will be shown how associating degrees of freedom of the
solutions with mesh vertices, edges, or faces can yield solutions guaranteed
to be in H', H(curl), or H(div), respectively. Hence, the take-away message
from the functional conformity theorems is that functions with HA* confor-

mity require agreement along k-dimensional mesh elements.

In the finite element world, this dimensionality observation was made
famous by the elements of Nédélec [72, 73] and Raviart and Thomas [80].
It was popularized in the field of electromagnetics [33, 9] and expanded to
nearly-rectangular grids by Hyman and Shashkov [64, 63, 65]. Bossavit [20]
and Hiptmair [55] championed a more general theory along these lines, leading
the way toward the theories of finite element exterior calculus and discrete

exterior calculus of today.

2.5 Discrete Exterior Calculus
2.5.1 Discrete Differential Forms

Definition 2.38. Let K be a primal mesh of a compact n-manifold §2. Let
K, denote the k-simplices of K. A primal k-chain c is a linear combination

of the elements of Kj:

where ¢, € R. The set of all such chains form the vector space of primal

k-chains, denoted Ci. It has dimension |Cy|, equal to the number of elements
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of Kj. A k-chain c is represented as a column vector of length |Cy]|.

Similarly, a dual k-chain is a linear combination of k-cells of the dual

complex K. The vector space of dual k-chains is denoted Cy,. O
Definition 2.39. A primal k-cochain W is a linear functional on primal
k-chains, i.e.

w:C— R via c— w(c),
where W is a linear mapping. It is represented as a column vector of length

|Cx| so that the action of W on a k-chain ¢ is the matrix multiplication w”¢,

yvielding the scalar w(c). The space of primal cochains is denoted C*.

A dual k-cochain W is a linear functional on dual k-chains, i.e.
W:Cr— R via c+ W(c),
where W is a linear mapping. The space of dual cochains is denoted c". O

Cochains are the discrete analogues of differential forms as they can be
evaluated over k-dimensional subspaces. To make this precise, we define the
integration of a cochain over a chain to be the evaluation of the cochain as a

function.

Definition 2.40. The integral of a primal k-cochain W over a primal k-chain

¢ is defined to be
/W = wle =wle).

Hence, the integration of W over c¢ is exactly the same as the evaluation of w

on c. O
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2.5.2 Discrete Exterior Derivative

The definition of a discrete exterior derivative is motivated by the al-
ternative definition of the continuous operator (Definition 2.8). First we define

the boundary operator in the discrete case.

Definition 2.41. The kth boundary operator denoted by 0y takes a primal
k-chain to its primal (k — 1)-chain boundary. It is defined by its action on an

oriented k-simplex:

k

Oklvo, v1, -+, U] == Z(—l)i[vo,--- Uiy, U

i=0
where ©; indicates that v; is omitted. The primal boundary operator is repre-
sented as a matrix of size |Cy_1| X |Ck| so that the action of J; on a k-chain ¢

is the usual matrix multiplication Jjc. O

Definition 2.42. The kth discrete exterior derivative of a primal k-

cochain W is the transpose of the (k + 1)st boundary operator:
Dy = alrirl-

This is also referred to in the literature as the coboundary operator. It is
represented as a matrix of size |Cy41| x |Cg| so that the action of Dy on a primal

k-cochain W is the usual matrix multiplication Dyw := 9}, w. O

The discrete exterior derivative satisfies the discrete version of Stokes’

theorem.
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Lemma 2.43. Let W be a primal k-cochain and ¢ € Cyy1 any primal (k+ 1)-

c Okt1c

Proof. By Definition 2.40 we see that

chain. Then

/ W =W 01c= (9, W) e=(Dyw) c= /Dkw.
8k+1c

[

]

We now consider the analogous constructions for dual cochains. Ob-
serve that mesh duality allows us to view a dual k-chain ¢ as a primal (n — k)-
chain c. Hence 91, 41 serves as a boundary operator on dual k-cochains, giving

us the following definition.

Definition 2.44. The kth discrete exterior derivative of a dual k-cochain

W is DI, |, which is equal to 8, k. It is represented as a matrix of size

‘Ek-&-l’ X |ak’ O

2.5.3 Primal and Dual Projection Maps

The P), and P, maps are deRham projection maps, from k-forms to
primal or dual k-cochains. The intuitive definition of the maps is simple enough
to describe. For example, Pru should be a primal k-cochain whose ith entry

represents the integral of the k-form u over the ith primal k-simplex.

To make this precise, however, a choice must be made between ease

of definition and the amount of continuity assumed for uw. For instance, if
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Y is a O-form over 0 C R3, then ) is properly treated as a distribution as
described in Section 2.2.1. Since distributions need not have well-defined point
values, the notion of the “integral of v over a 0-simplex” has little hope of
leading to a simple definition for Pyy). Still, from a physical perspective, there
is no problem with this notion; if ¢) represents an electric potential, it can
be measured at an arbitrary point location by a voltmeter or other device

appropriate to the scale of €.

This issue is one of the dividing lines between the finite element exterior
calculus (FEEC) and discrete exterior calculus (DEC) camps (see Section 1.2).
In the DEC camp, it is assumed that there is a well-defined value of the integral
of a k-form over a k-dimensional primal or dual mesh element. The resulting

definitions of P, and P}, are simple:

Pr(u) := {/qu} and  Pp(u) := {/*gy’“ u}

These definitions are not adequate in the FEEC camp since, in that setting,
the minimal continuity requirements on u (e.g. H' for k = 0) are not sufficient

to guarantee that fak u is well defined.

To deal with this problem, u is L2-projected to a differential form whose
coefficient functions are polynomials of degree at most r . This process is called

Clément interpolation? and can be used to get optimal order error estimates.

In the finite element community, ‘interpolation’ typically refers to a mapping from a
form or function space to a piecewise polynomial space. This can be understood as the
composition Z; Py in the terminology of this thesis.
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Unfortunately, Clément interpolation lacks certain necessary proper-
ties required for stability analysis such as commutativity with the exterior
derivative operator. To resolve this, Arnold, Falk and Winther have defined
smoothed projection operators which do satisfy these properties [7, 6]. Their
approach is based on the tools of Schoberl [81] and was refined by Chris-
tensen [27]. The operators take as input a k-form, convolve it with a mollifier
function, and restrict it to each mesh element. The output of this smoothing
is a k-form with sufficient smoothness to be integrated over the k-simplices of

the mesh.

The precise definition of the smoothed interpolation operators will not
be given in this thesis as it is not needed for our analysis. Further, extending
the definition of the smoothed projection operators to apply on non-simplicial
dual meshes is non-trivial. Thus, we will use a slightly more formal definition of
the projection maps than the DEC community and assume sufficient regularity
on their inputs to ensure they are well-defined. We will also note when it is
possible to use the smoothed projections to get the same results with fewer

regularity assumptions, at least for primal meshes.

Definition 2.45. Given a k-simplex o¥ or dual k-cell xo7* associated to a

primal mesh K C R", define the inclusion mapping
p:oF > K, or ¢:xolF e K.

The projection maps of a k-form u on €2 are defined by

Pu(u) = { /, ¢*U} (2.4)

7
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Pru) = {/MZM gzﬁ*u}' (2.5)

In words, the ith entry of the cochain is the integral over the ith primal or

dual cell of the pullback of u by the appropriate inclusion mapping. O

For example, consider the effect of the mapping P; on a 1-form u with

respect to a tetrahedral mesh in R®. The ith entry of Pyu is then

of|

Putw), = [ ot

a;

In words, this is the vector proxy of u (denoted u*), projected onto a unit
vector in the direction of edge o}, and integrated over o}. Hence, the pullback
results in a computation of the circulation of u over the edge. Similarly, the
pullback of a 2-form u in R? to a face yields the flux of u over the face. More

examples can be found in Guillemin and Pollack [52, Chapter 4].

2.6 Whitney Interpolation for Primal Meshes

While the deRham maps defined in Section 2.5.3 provide a way to
project continuous differential forms to discrete cochains, we also need maps
to reconstruct continuous differential forms from cochain data. We call such
maps interpolation maps and focus in this section on maps from primal
cochain spaces to form spaces. We want maps of the form

T : C* — AF given by Tp(w) := Z W(a" )W, x, (2.6)

okeCy,

where W, is a basis function associated to the k-simplex o*. These basis

functions should be defined so that the following natural properties hold.

40



W1. Conformity in HA*: T, (w) € HA*

W2. Local support: supp W+ C U o"

ook
W3. Interpolation: / P W) =1
ok ’
W4. Optimal Convergence: ||u — Z;Pyul| g < C mg
W5. Commutativity with exterior derivative: dyZ, = 7y, 1Dy
A natural construction for the W« functions was given by Whitney [96]. These

functions have proved to be so useful that they are usually called Whitney

functions.

Definition 2.46. Let \; be the barycentric function associated to vertex
v; in a primal mesh K. More precisely, \; : K — R is the unique function

which is linear on each simplex of K satisfying \;(v;) = 0;;. The Whitney

function W,x associated to the k-simplex o* := [vy,...,v};] is given by
k —~
Wor = kI (1) N ddg Ao AdA AL A d (2.7)
i=0

where ci); indicates that d)\; is omitted. Note that dA should be interpreted

as d "\ per Definition 2.17 or as (V) per Lemma 2.18. O

We write out the Whitney functions explicitly for n = 3, our primary

application context. Note that W,s is the constant function with value 1/|c3|.
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o® Wk
[Vo) Ao
[VQ, Vl] >\0V)\1 — /\1V)\0

[VQ,Vl,Vz] 2()\0V)\1 X V)\Q — )\1V)\0 X V)\z + AQV}\O X V)\l)

W N = O

[V07V17V2av3] 1/|03|

Table 2.2: Whitney forms W, for n = 3.

This is a consequence of the geometric identity

1

33|

where the right side has sign —1 if an odd index was omitted from the scalar
triple product and +1 otherwise. This reduces the sum in (2.7) to (1/|0®]) D=, A,
which is simply 1/|®| due to the partition of unity formed by the barycentric

functions.

Theorem 2.47. The Whitney functions satisfy properties W1-W5.

Proof. Property W2 is immediate. The commutativity property W5 and op-
timal convergence W4 are discussed in Section 2.7. The conformity property

W1 and interpolation property W3 is given by Corollary 4.5. [

Prior Work on Whitney functions

Although Whitney functions were developed out of theoretical consid-
erations [96], it was recognized by Bossavit [16] that they provided a natural

means for constructing stable bases for finite element methods, especially the
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edge elements and face elements that were gaining popularity at that time.
Finite element exterior calculus (FEEC) [7] gives a full account of the analo-
gies between spaces of Whitney functions and classical Nédélec [72, 73| and

Raviart and Thomas [80] spaces.

Some work has explored the possibility of Whitney functions over non-
simplicial elements as we do in this work. Gradinaru and Hiptmair defined
Whitney-like functions on rectangular grids using Haar-wavelet approxima-
tions [50] and on square-base pyramids by considering the collapse of a cube
to a pyramid [51]. Bossavit has given an approach to Whitney forms over
standard finite element shapes (hexahedra, triangular prisms, etc.) based on
extrusion and conation arguments [21]. The Whitney-like functions we present
in Chapter 4 do not use such heuristics and are defined over the convex poly-

hedra of a dual mesh instead of specific shape types.

2.7 Operator Commutativity

A number of commutativity relations between the continuous and dis-

crete operators will be required for the stability proofs.

Theorem 2.48. The following commutativity relationships hold. The diagram

for each is shown in Figure 2.2.

i Pryrdy = DyPy

1. dek = Ik+1Dk
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PP = . T a~
1i. Prydy =D, Pk

. dnfkfl(*IkJrlMl;l-l) = (*T; M ' )Df

dy

Akz Ak-‘rl
lpk lpkﬂ

¥ L Ck+1

(4)

Ak i Ak+1

lPk i’/’kﬂ
T
]D)nfkfl —k+1

(iid)

AF i, Ak+L
IkT Ik+1T
ok Dy Ck+1
(47)
dn k—1

An—k—l N An—k

*Ik“MkilT *IkMng
Dy

—n—k—1 —n—Fk
C ~C

(iv)

Figure 2.2: Commutativity diagrams between discrete and continuous opera-

tors (see Theorem 2.48).
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Proof. (i) Let u € A*. Then

Prprdpu = {

= {/ d( *u)} d and ¢* commute
k41
= { / ¢*u} Stokes’ theorem
ook tt .
i j
= Dy {/ *u} definition of Dy,
ok ;

= D.Pru definition of Pj.

ng*(du)} definition of Py4q
J

(ii) We prove a particular instance of this result demonstrating all the

relevant proof techniques. Fix n = 2, k = 0 and take the mesh to be a single

2-simplex 02 := [ vi vy vz ]. Let W € CY be represented by [ a1 ay a3 |T.
Thus
—1 1 0
Dy=| -1 0 1
0 -1 1
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We will show that dZg = Z;Dy, i.e. that d °(Zyw) = Y(Z;Dow).

Y Z,Dyw)
= 17, Zi : Zi , definition of D,
as — as
= Y(ag —a))(M Vg — AV A) + -+ ), definition of Z;
— Ya MV A — MV
+A3V A = M VA3 + 1), factor by a;
= Har(VAi(Aa+ A3) = M(VAa+ VA3)) +--+), collect terms
= Yar(VM(1=X) =MV =X\))+--), partition of 1
= Ya VA1 +aaV s + a3V z), simplify
= d%ai\ + azs + az)z), Lemma 2.18
= d%Zyw), definition of Z.

The proof for arbitrary n and k values uses the same techniques in a generalized
context. The key idea is that the d operator wedges on differentials (see
Definition 2.6) while the Whitney operator omits them (see Definition 2.46).
Whitney gave the generalized proof in his seminal work [96, Section IV.27];
it can also be found in the finite difference approach of Dodziuk [35] and

elsewhere.

(iii) The argument is the same as the proof for part (i), with the
appropriate P maps replacing the P maps and the DI, | matrix replacing

the D, matrix.
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(iv) To see why this result holds, we apply * on both sides, yielding
(kdn—k—1%) T M, = (TeMG Dy

We remark the formal adjoint of dj, denoted oy, is called the coderivative

and can be characterized by
5k . Ak+1 — Ak, 5k = *dn—k—l*

Therefore, part (iv) says that 6ka+1M,:i1 = (LM, ")DE, i.e., the natural
notions of coderivative in the continuous and discrete settings commute with
the dual cochain interpolation operator IkMgl. The proof mimics that of part

(ii). 0

Remark 2.49. If Py is defined instead using the smoothed projection operators

(see Section 2.5.3), results (i) and (ii) follow from [7, Theorem 5.9 part 3].

We also have a standard estimate from the literature for the error be-
tween Z, P, and the identity map. We state it here in the language of discrete
exterior calculus. A proof from a finite difference perspective for arbitrary k
can be found in Dodziuk [35, Corollary 3.27] and from a finite element per-
spective for 0 < k < 3 in Ern and Guermond [38, Section 1.5]. If the smoothed
projection operators are used, this result also follows from Arnold, Falk and

Winther [7, Theorem 5.9].

Theorem 2.50. Fiz a primal mesh K and let v be an element of A* with

enough reqularity that Pyu is well-defined. We express this condition by saying
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that u is bounded in some norm ||||, on AF. Then there exists a constant C

independent of mq such that
|lu = T Prul | g ar < C ma [fullp (2.8)
where mgq indicates the maximum diameter of any mesh element in K.

Remark 2.51. By the definitions of Z; and P, we have that

||U_IkPkUHHAk: u — Z </k¢*u> Waf

O'fGCk g HAk
Thus, in words, (2.8) says that when the Whitney functions are weighted

appropriately by local integrals of u, they converge to u with order mg.

2.8 Discrete Hodge Stars

A discrete Hodge star M maps not only between cochains of comple-
mentary dimensions (k and n— k) but also between cochains on primal meshes

and cochains on dual meshes. That is,

M:Ckﬁznik

This duality in both domain and dimension has been recognized by Bossavit [17],
Hiptmair [56], Tonti [89] and others, in various contexts. Unlike the exterior
derivative, however, there is no single canonical way to define the discrete
Hodge star operator. As a consequence, the choice of an appropriate discrete
Hodge star becomes essential to the stability properties of numerical methods

where one is needed.
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The simplest discrete Hodge star to formulate is called the diagonal
discrete Hodge star. Since it will serve as our “default” discrete Hodge star,

we will denote it by M, or M, ™Y if context is needed. Its entries are given by

| * o7
Since M, is diagonal, we have its inverse immediately:
k
~1 |07 |
(M) = |*0k|5ij‘ (2.10)

Hence, the effect of My on a k-cochain W can be thought of as averaging the
value of W over each simplex ¥ then scaling those values by the size of the

respective dual simplices xo*.

The primary alternative to M employs Whitney interpolants in its

definition and will be referred to as the Whitney discrete Hodge star:

(M Rty = /W W, (2.11)

Dodziuk [35] originally proposed the definition of MV but it has been called
the Galerkin Hodge [19] for its relation to finite element methods, as we discuss

in Section 3.5.

Since the basis function W,+ has local support (property W2), MYt s
a sparse matrix. The inverse matrix (M}'"*)~! may be of full rank, however,
making it unsuitable for numerical methods. The topological thresholding
technique of He [54] is one approach to alleviating this problem. We will
present a direct definition for an inverse discrete Hodge star with guaranteed

sparsity in Section 4.2.
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Remark 2.52. We have defined our dual meshes using circumcenters of sim-
plices and hence produced orthogonal meshes. This is the natural choice for
dual mesh definition from DEC theory [32]. Bossavit has pointed out, how-
ever, that switching from M to M}""" should be accompanied by a switch
from circumcentric to barycentric dual meshes. While this loses the orthogo-
nality between the meshes, it ensures that o will intersect xo* in the ambient

space and allows certain geometric identities to work out nicely [19].

Still, it is not evident that the switch from barycentric to circumcentric
dual meshes is necessary from a stability standpoint. The ‘geometric’ Hodge
star of Auchmann and Kurz [8], for instance, is like M}V with a correction
factor for the difference between circumcenters and barycenters and is shown
by the authors to be equivalent to M} in a natural sense. More recently,
Hirani and Kalyanaraman [58] used their DEC method for Darcy flow with
both M, and M,‘f/h” over circumcentric dual meshes and found similar numeri-
cal results. The importance of the choice of dual simplex centers is an ongoing

area of research.

Many other discrete Hodge stars appear in the literature, including
the combinatorial discrete Hodge star of Wardetzsky and Wilson [92, 97] and
the metrized chain Hodge star of DiCarlo et al. [34]. These discrete Hodges
are based on a different type of discrete theory and thus cannot be compared

directly to the more common My and MV matrices.

The maps defined thus far are summarized in Figure 2.3.
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*
.

g

H! H(curl) — > [ (div) —& L2
Zo N Po val /H/ P1 Iy H P2 I3 /H/ P3
Co Do Cl D C2 D2 3
(Mo)lTlMo (Ml)lT\LMl (Mg)lT Mo (Mg)lfu/Mg
-3 —2 —1 —0
C (DO)T C (Dl)T C (]D)Q)T C

Figure 2.3: The combined DEC and deRham diagram for a contractible do-
main in R3.

2.9 Discrete Norms and Inner Products

To define discrete analogues of our continuous norms, we begin by defin-
ing a pairing between primal and dual cochains of complementary dimensions.

Let A € C* and B € En_k. Define

<AB>=<BA>= Y A(0])B(xo}) (2.12)

7

erck
As the next lemma shows, this pairing is natural in the way it relates to the

discrete exterior derivative operators.

Lemma 2.53. For any cochains A € C¥, B € En_k_l, (DyA, B) = (A, D]B).

Proof. The proof is a typical linear algebra argument of switching the order
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of summation.

<]D)kA, ﬁ)

> (Dea) (@l )B(xof )

(J’ieck+1

> DD u)ialed) | Blxofth)

UZ'GC}H'I UjGCk

Do Do DBt | Alf)

O'jECk O'iECk‘H

Y (DB)(x0})a(o})

O'jECk

(A, DI'B)

]

Moreover, the pairing allows us to define a discrete norm for the primal

and dual cochain spaces.

Definition 2.54. Given A € C* or B € Ek, define the cochain norms

[[Allex = (A, Mia),

Bl = (M,,B,B),

where M, is the diagonal discrete Hodge star from (2.9).

(2.13)

O

The cochain norms are defined using the diagonal discrete Hodge star,

but as the next lemma will show, using the Whitney discrete Hodge star results

in the same norm up to uniform scaling of the mesh. This is a technical result

which will be needed in our stability proofs.
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Lemma 2.55. Let K be a finite primal mesh with n = 3. Define a functional
Qr:CF =R by
Qr(A) =< A, M} A > (2.14)

: — —k ‘
For any cochains A € C* and B € C' ", the quotients

2 =12
Il ., Il

Qr(a) Qu(M;'B)

are unaffected if K is uniformly scaled by a positive factor s € R.

Proof. We start with the claim for primal cochains. Let [|-[|ck ) denote the

cochain norm on the scaled mesh. Observe that

3—k k
) S ’*U | _ 2
Alleksr) = — A =57 [Al] e (2.15)
s*|o*|
afeck

It suffices to show that the entries of M}V also scale as s>~2*. Note that by

the chain rule we have

P (2) = L (2) 210

Recalling Table 2.2, we see that W,+» has exactly k terms of the type V\;
appearing in each summand of its expression. Let (M}'/");; denote the ijth

entry of MV on the scaled mesh. Then

: 1 x 1 x
Whi
oae = e (5) 5% ()
s’ 3—2k (W hi
= S [ W) =,
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as desired. For the dual cochain claim, we have that
=12 st 2k—3 15|12
18]35+ o) = > WBM) = 7|8 | o (2.17)

cri-C eck

To show that the denominator scales the same way, observe that
Qr(M;'B) = (M 'B) "M, (M 'B).
Thus, the value of Q) (M, 'B) scales as s?# 35372k s2h=3 = ¢2k=3 ag desired. [

We note that Lemma 2.55 holds for any n by a similar argument, using

the generalized definition of Whitney forms given in Definition 2.46.

2.10 Generalized Barycentric Interpolation

Since we are interested in defining Whitney-like interpolation functions
for dual cochains, we first survey prior work on generalizing the Whitney 0-
forms, i.e. barycentric functions. Since there are many ways these can be
generalized, we first list all the properties we could require and then discuss

which are essential in the context of dual discretization methods.

Definition 2.56. Let 7 be an n-dimensional cell of the dual mesh (i.e. a
polygon in 2D or a polyhedron in 3D) with vertices vi,...,vy. A set of
functions \; : 7 — R, i = 1,..., N are called barycentric coordinates on

T if they satisfy the following properties.

B1l. Non-negative: \; > 0.
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B2.

B3.

B4.

B5.

B6.

B7.

Linear Completeness: For any linear function L : T — R,

N
L=> L(viX.
=1

N
Partition of unity: in =1
i=1

N
Linear precision: g vidi(x) = x.
i=1

Interpolation: Xi(vj) = 0.

Boundary agreement: If z lies on an edge (facet) and v; is not a

vertex of the edge (facet) then \;(x) = 0.

Invariance: \;(x) = A/ (T(x)), where T : R® — R" is a composition of
rotation, translation, and uniform scaling transformations and {XT} are

the corresponding functions on 77T .

Remark 2.57. The invariance property B7 is included to allow estimates over

the class of convex sets with diameter one to be immediately extended to

generic sizes since translation, rotation and uniform scaling operations can

be easily passed through Sobolev norms (see Section 3.6). At the expense of

requiring uniform bounds over a class of diameter-one domains rather than

a single reference element, complications associated with handling non-affine

mappings between reference and physical elements are avoided [5].

It suffices to satisfy only properties B1, B2, B6, and B7 in order to

achieve the rest of the properties as the following proposition shows.
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Proposition 2.58. In 2D or 3D, the properties B1-B5 are related as follows:

e B2< (B3 and B4)

e (Bl and B2) = B5

Proof. Given B2, setting L = 1 implies B3 and setting L(x) = x yields B4.
For the converse, we prove the 2D case first. Assuming B3 and B4 hold and let
L(z,y) = ax + by + ¢ where a, b, c € R are constants. Let v; have coordinates

(v#,vY). Then

1 T

n

Z L(vi)\i(z,y) = Z(avf + v + ) \i(x)

i=1

=a (Z Vf)\i(x)> +0b (Z Vf)\i(x)> +c (Z )\i(x)>

i=1
=ax + by + ¢ = L(x,y).

The 3D case is similar. A proof that B1 and B2 imply B5 can be found in [95,

Section 2.4]. O

As we will discuss below, there are many papers on generalized barycen-
tric functions satisfying some or all of properties B1-B7. It is important to
note that the results in Chapter 4 on constructing dual Whitney-like functions
and discrete inverse Hodge stars do not depend on which definition of \; is
selected, so long as the properties are satisfied. In this context, property B6 is
essential since Corollary 2.35 requires that the value of \; at the intersection

of two elements be independent of the element used to compute it.
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To show an optimal convergence estimate, however, it is necessary to
have an estimate of V)\; over the interior of the polygon or polytope. Such es-
timates require assumptions about the shape regularity of dual mesh elements
(see Section 2.11) and are not amenable to proof from Definition 2.56 alone.
Still, optimal convergence estimates are possible as we will prove for the Sib-
son functions, defined below. With a slight modification required for unusual
geometries, Milbradt and Pick [70] have shown these functions satisfy all the
conditions of Definition 2.56 in 2D and 3D. Further, the functions are defined
in 2D and 3D, are reasonable to implement, and are more stable against bad
geometry in 2D than the more well-known Wachspress functions. A proof of
optimal convergence estimates for other coordinate definitions, including the

Wachspress and Harmonic functions, can be found in our paper [48].

Figure 2.4: Geometric calculation of a Sibson coordinate. C; is the area of
the Voronoi region associated to vertex v; inside 7. D(x) is the area of the
Voronoi region associated to x if it is added to the vertex list. The quantity
D(x) N C; is exactly D(x) if x = v; and decays to zero as x moves away from
v;, with value identically zero at all vertices besides v;.

We define the Sibson coordinates in 2D but the 3D case is analogous
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with volume measurements replacing area measurements. Let x be a point
inside a polyhedral cell 7 of a dual mesh in R62. Let P denote the set of

vertices {v;} and define
P'=PU{x} ={vi,...,vy,x}.
We denote the Voronoi cell associated to a point p in a pointset ) by

Vop) ={yeT :|ly-pl<ly—dl,VqaeQ\{p}}.

Note that these Voronoi cells have been restricted to 7 and are thus always

of finite size. We fix the notation
Ci = VeVl =Ry eT : ly—vil <ly—v;l, Vj # 1}
= area of cell for v; in Voronoi diagram on the points of P,
D(x) = Vex)|={yeT : ly—x[<ly—wvi,Vi}|
= area of cell for x in Voronoi diagram on the points of P’.

By a slight abuse of notation, we also define
D(X) N Oz = |Vp/(X) N Vp(Vz>|
The notation is shown in Figure 2.4.

Definition 2.59. The Sibson coordinate function associated to vertex v; is

D(X) N Cz

D(X) N Cz .
N Z;Vﬂ D;(x) N Cj.

Xz(x) = D)

or, equivalently,  \;(x)
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It has been shown that the Sibson functions are C'*° on T except at
the vertices v; where they are C° and on circumcircles of Delaunay triangles
where they are C! [84, 41]. Since the finite set of vertices are the only points

at which the function is not C', we conclude that \; € H(Q).

We now discuss prior work on generalized barycentric functions in 2D

and then in 3D.

2.10.1 Generalized Barycentric Interpolation in 2D

Many generalizations of barycentric functions on 2D polygons have
emerged in the literature. The Wachspress functions [91, 43| are rational
functions constructed explicitly based on the areas of certain triangles within
7. The Sibson functions [84], also called the natural neighbor or natural ele-
ment coordinates [86], are also constructed explicitly, as described above. The
Harmonic functions [95, 26] are defined as the solution to Laplace’s equation
over T with certain piecewise linear boundary data. These three types are

discussed and analyzed in detail in our paper [48].

Other generalizations include maximum entropy [85], metric [69], dis-
crete harmonic [77] and mean value coordinates [42]. Of these, the mean value
coordinates are of particular interest since they appear to have well-behaved
gradients for a large class of polygons. Additional comparisons of barycentric
functions can be found in the survey papers of Cueto et al. [28] and Sukumar

and Tabarraei [87].
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2.10.2 Generalized Barycentric Interpolation in 3D

As noted earlier, the Sibson functions [84] are defined in any dimension
and have been considered for use in finite element methods by Milbradt and
Pick [70]. The definition of Harmonic functions also holds any dimension and
thus extends to 3D, although implementing them presents a separate chal-
lenge. Approaches along these lines have been considered by Christensen [26],
Euler [39], Warren et al. [95] and Hormann and Sukumar [62]. Floater [44] has
extended mean value coordinates to 3D in the particular case of star-shaped
polyhedra with triangular facets. Warren [93] also presented an approach ex-
tending the notions of the Wachspress functions to convex polytopes in arbi-
trary dimensions, but no explicit formulation of how to compute the functions

is given.

If rational functions are desired, a result from Warren [94] shows that
the Wachspress functions are the unique, lowest degree rational barycentric
functions over polygons. Likewise, his functions in 3D [93] are the unique,
lowest degree rational barycentric functions over polytopes. For finite element
applications, however, the \; need not be rational. Moreover, as we have shown
in our paper [48], the Wachspress functions require stricter shape regularity
requirements to achieve optimal order convergence estimates than either the
Sibson or Harmonic functions. This makes them somewhat less desirable for
use in the finite element type applications considered here and explains why

we have focused on the Sibson functions.
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2.11 Generalized Shape Regularity Conditions

In this section, we discuss generalizations of shape regularity conditions
to convex 2D polygons. These will be used in Section 3.6 to prove an optimal

order convergence estimate for the Sibson functions.

Let n = 2 and let 7 be a 2-cell in the dual mesh, i.e. a convex polygon.
Denote the interior angle at v; € T by ;. The largest distance between two
points in 7 (the diameter of T) is denoted diam(7) and the radius of the
largest inscribed circle is denoted p(7). The center of this circle is denoted
c and is selected arbitrarily when no unique circle exists. The aspect ratio
(or chunkiness parameter) «y is the ratio of the diameter to the radius of the

largest inscribed circle, i.e.
~ diam(7)
(T

We will consider the following geometric conditions.

G1. Bounded aspect ratio: There exists v* € R such that v < ~v*.

G2. Minimum edge length: There exists d. € R such that |v; — v;| >

d. > 0 for all i # j with v;,v; € T.

G3. Maximum interior angle: There exists §* € R such that 5; < g* <«

for all 7.

G4. Minimum interior angle: There exists £, € R such that 5; > 5, > 0

for all 7.
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G5. Maximum vertex count: There exists n* € R such that n < n*.

For triangles, G4 and G3 are the only two important geometric restric-
tions since G5 holds trivially and G1<G4=G2. For general polygons, the
relationships between these conditions are more complicated; for example, a
polygon satisfying G1 may have vertices which are arbitrarily close to each

other and thus might not satisfy Gb5.

Proposition 2.61 below specifies when the first three geometric assump-

tions (G1-G3) imply the last two. To prove it, we will need the following result.

Proposition 2.60. Let |T| denote the area of a convex polygon T and |OT |

its perimeter. If diam(7T) = 1, then
i [T <m/4,
ii. |0T| <m,
iwi. T is contained in a ball of radius no larger than 1/+/2, and

iv. If convex polygon Y is contained in T, then |0Y| < |0T].

The first three statements are the isodiametric inequality, a corollary
to Barbier’s theorem, and Jung’s theorem, respectively. The last statement is

a technical result along the same lines. See [37, 98, 82| for more details.
Proposition 2.61. The following implications hold.

. G1= Gy
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ii. (G2or G3)= G5

Proof. G1 = G4: If ; is an interior angle, then p(Q2) < sin(5;/2) (see Fig-

ure 2.5). Thus v > m We conclude that 8; > 2arcsin % Note that

~v* > 2 so this is well-defined.

Figure 2.5: Proof that G1 = G4. The upper angle in the triangle is < f3;/2 <
7/2 and the hypotenuse is < diam(Q2) = 1. Thus p(92) < sin(3;/2).

G2 = Gb5: By Jung’s theorem (Proposition 2.60(3)), there exists x € 2
such that Q C B(x,1/v2). By G2, {B(vi,d,/2)}, is a set of disjoint balls.
Thus B(x,1/v/2 + d./2) contains all of these balls. Comparing the areas
of UL, B(vi,d./2) and B(x,1/V2 + d./2) gives n™L < n(Ls + d./2)?, so

G3 = Gb: Since § is convex, Y, i = m(n —2). So nB* > w(n —2).

Thus n < —2&_.
m—f
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2.12 Generalized Interpolation in Sobolev Spaces

In this section we state some classic results related to interpolation in
Sobolev spaces that will be used in the proof of discretization stability using

Sibson functions in Section 3.6.

Definition 2.62. Let n = 2 and let {v;} be the vertices of a dual mesh. Let
); denote the Sibson coordinate function associated to v;, defined piecewise
over the dual mesh cells adjacent to v; (see Definition 2.59). Then the Sibson

dual interpolation operator is
To:C — A’ given by Zo(W) := ZW(VZ-)Xi (2.18)
O

For the rest of this section, we will use the abbreviated notation
I .= TO,]_D().
This coincides with the standard notation of interpolation in the finite element

literature.

We start with the Bramble-Hilbert lemma, originally given in [22], but
stated in a modern form for the particular case of H! estimates for convex

domains of diameter 1.

Lemma 2.63 (Bramble-Hilbert [90, 29]). Let T be a convex polygon with
diameter 1. For all w € H*(T), there exists a first order polynomial p, such

that [|u — pull gy < O |ul gz
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We emphasize that the constant C'gy is uniform over all convex sets of

diameter 1.

Lemma 2.64. Let T be a convexr polygon with diameter 1. Suppose that the

following estimate holds
[ Tull oy < Crllull oy, Yu € H(T) (2.19)

Then for alluw € H*(T),

[lu = Tull gy < (14 Cr) 1+ Chy [l o -

Proof. Let p, be the polynomial given in Lemma 2.63 which closely approxi-
mates u. By linear completeness of the {\;} functions, Ip, = p,, yielding the

estimate

= Tullisry < 11w = pallinry + 1 = o)l

<A+l =pullpzery < L+ O\ 1+ Chpy [ul o -

]

Corollary 2.65. Let diam(7) < 1. If estimate (2.19) holds, then for all
ue HX(T),

lu = Tul| ga oy < (14 Cp) (/1 + Chpy dlam(T) Jul g -

Proof. This follows from the standard scaling properties of Sobolev norms since
the invariance property B7 (see Section 2.10) allows for a change of variables
to a unit diameter domain. We remark that the L?-component of the H'-norm

satisfies a stronger estimate containing an extra power of diam(7). ]
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Lemma 2.66. Under G1 and G5, estimate (2.19) holds whenever there exists
a constant C such that

Xl g1y < O (2.20)

Proof. This follows almost immediately from the Sobolev embedding theorem;

see [2, 66]:

1ulliry < D vl Il ey < 0°Cx lulleogry < n7 Cx Cs Hlull gz »
i=1

where C is the Sobolev embedding; i.e., |[ul|coz < Cs [|uf| g2 for all u €
H?(T). The constant Cj is independent of the domain 7 since the boundaries

of all polygons satisfying G1 are uniformly Lipschitz [66]. O

Finally, we state a particular instance of the Poincaré inequality which

we will use in our proof of stability. A proof can be found in, e.g. [40]

Theorem 2.67 (Poincaré Inequality). Let 2 be a bounded domain. Then for
any u € H'(Q) with u =0 on 09,

lull > < Clulm
for some constant C' dependent on €2 but independent of u.

We close this section by noting that |u[g and [[Vul|;2p are different

expressions for the same quantity.
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Chapter 3

Discretization Stability of Dual Methods

While DEC terminology suggests discretization approaches for many
types of PDEs, we focus in this section only on problems deriving from a
generalized problem d % du = f. These problems encompass many famous
PDE problems including Poisson’s equation and a magnetostatics problem.
We begin by describing the dual discretization methodology for the generalized

problem and stating the discretization stability result.

3.1 Generic methodology

Consider the abstract problem of solving
—dxdu=f (3.1)

for u € A¥, given f € A". For any n, the k = 0 instance of (3.1) is an exterior
calculus description of

—div grad u = f,

the standard Poisson problem. Likewise, the & = n — 1 instance of (3.1) is a
description of

—grad div u = f.
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For n = 3, the k = 1 instance of (3.1) is a description of
—curl curl @ = f, (3.2)

a type of eddy-current problem and similar to the magnetostatics problem

discussed in Section 3.2.

Taking (3.1) as the result of Step I from the generic approach outlined in
Section 1.1, we linearize the problem by introducing an intermediary variable
ve R defined by

*v 1= —du (3.3)

This results in the linear system

(o' 9) () =(5) 04

The primal and dual formulations in this setting are
e u-Primal Formulation: u € A*, v € A" " " and fe A" "
e u-Dual Formulation: u € A", v € A" 1 and feAk

- : . —k
In a sense, this is a false dichotomy since A* and A~ are the same space (recall
—k . . .
A" := xA""% and * is an isometry). However, when we apply the appropriate
primal or dual projection operators to u, v, and f we end up with distinct

discretizations and different linear systems.

k-1 _ —k
and FeC"

> (3.5)

e u-Primal Discretization: ve C*, ve(C'
M., Dy vV
Df 0 U
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. Dy _
prlm?xl _ k Dy, ok D, Dp—k—2 nlenk Dy
cochains
1 n k—1
dual o e ; .
cochains D}{,l D}{H DF 4y fok

Figure 3.1: Portion of a generic primal and dual cochain diagram showing
the natural duality between the variables and operators of systems (3.5) and
(3.6). Discretizations of the variables are written in place of the primal or dual
cochain spaces to which they belong.

. .. — =k
e u-Dual Discretization: TeC ,veC**tandrec(CrF

(%) ()-(1) e

We show in Figure 3.1 how these two discretizations fit into a generic cochain

diagram in a natural and complementary fashion.

We now treat our DEC-inspired discretization techniques with a FEEC-
inspired analysis of convergence. A method is said to have discretization
stability if it can be shown to have an optimal convergence estimate. We
will focus on “h-estimates” which dictate how fast the error between the con-
tinuous and discrete solutions to the PDE goes to zero as the size of maximum
width domain element goes to zero.! Since the I interpolants are linear, the

optimal convergence rate should be linear as well.

IThroughout this work, we use the notation mg instead of the traditional h to avoid
confusion with the h variable in the magnetostatics problem.
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We now state a general conjecture about primal and dual discretization
stability and which we will prove for various problems in the case n = 3 in

subsequent sections.

Conjecture 3.1. Consider the problem (3.4) with Dirichlet or Neumann bound-
ary conditions over a contractible, compact domain £ in R™ with primal and
dual domain meshes of a finite number of elements. Let my denote the mawi-
mum diameter of a mesh element and assume the mesh elements have bounded

aspect ratio. Let |||, [|||5 be norms on A* and A"7F, respectively, such

n—k—1

that ||ullp, ,[|v]lp , | < oo implies u and v have enough regularity for Pyu

k—1

and Pp__1v to be well-defined.

e u-Primal Stability: Let (U, V) be a solution pair to (3.5). There exists
a constant C' dependent on Q2] and ||ul|p but independent of mq, such
that

1 ZeU — ul| s + | [* T 1MV — < O my.

U‘ ’HA"—k—l

e u-Dual Stability: Let (U, V) be a solution pair to (3.6). There exists a

constant C' dependent on |Q| and ||v[|, _ but independent of mq, such

that

T i1V = V|| gppn-s + | |* oML, T < C'mg.

_UHHM

This tmplies that both primal and dual methods are stable with the optimal

order error estimate.
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3.2 Example: Magnetostatics

This section begins by casting a magnetostatics problem similar to the
generic problem (3.1) into the language of DEC. The primal stability result and
accompanying proof technique is attributed to Bossavit [18, 20]. We explain
the approach in much more detail here than is given in his work so that it can
be adapted easily to the equivalent dual formulation as well as instances of

the generic problem (3.1).

3.2.1 Magnetostatics - Continuous Problem

The magnetostatics problem is characterized by Gauss’s law for mag-

netism, a constitutive relationship, and Ampere’s law, respectively,
divb=0, *b=h, curlh=j. (3.7)

Here, 7 is a given current density and b and A both represent the magnetic
field. It is assumed that the domain €2 is a compact, contractible 3-manifold
with boundary I" written as a disjoint union I'® UT" such that #-b =0 on I'®

and 7 x h =0 on I'".
Translated to exterior calculus, the equations become
db=0, xb=h, dh=j

where b and j are 2-forms, and h is a 1-form. We use b as the indicator of

primal or dual treatment since b is typically discretized as a primal 2-cochain.

Remark 3.2. Note that over contractible domains, div b = 0 means there

exists @ € A' such that curl @ = b by exactness of the deRham sequence. If
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we consider relabeling h — u, a — v, the magnetostatics problem has the
constraint dv = *u (or, equivalently, *dv = u) while the generic problem (3.1)

has *v = du. This analogy hints at why the proof techniques can be adapted.

3.2.2 Magnetostatics - Stability of Primal Discretization

Treating b as an element of A%, the discretization of (3.7) is
DyB=0, MpB=1H, Dia=7 (3.8)

Two mixed systems similar to (3.5) and (3.6) are available to solve for a solu-

tion pair (B,H) € C% x C'. The first is

—M, ]D)g B . —Hp
(D) e
In this system, Hy € ¢l s any dual 1-cochain satisfying DTHy = 7 and H is

defined by # := Hy + DIP. Thus DTH = D (H, + DIP) = 7 is assured.

The second mixed system is

(o W) (0)=(5), 10

In this system, B is defined by B := DA, so that DyB = DyID;A = 0. The choice
between (3.9) and (3.10) is irrelevant with regards to discretization stability

but will make a difference in regards to numerical stability (see Chapter 4).

The boundary conditions are enforced by requiring certain entries of B
and H to be zero. If 02 is a subset of the primal mesh, then for any 0]2- SH

assign B(o?) := 0 and for any o7 € T", assign H(x0?) := 0. If 9 is a subset
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of the dual mesh, then for any xo? € I'°, assign H(x0®) := 0 and for any

*0]2- € ', assign B(a?-) := 0. These constraints can be incorporated into the

eventual linear system used to solve the discrete problem.

To get the desired convergence estimates, we have to assume a certain
amount of regularity on b. The typical assumption is that b lies in [H']* and

div b lies in H'. For readability, we define a unique norm for this context:
1005 e 2= [0l s + [1div b1 -

We also have to assume that the input data j is known to a high degree of
accuracy. This type of assumption is essential to any numerical method as one
cannot expect an error estimate on the solution better than the error estimate
on the input. Hence, it should suffice to assume that the error is O( mq). For

simplicity, however, we assume that
J—Psoj =0. (3.11)
These assumptions allow for the following stability estimate.

Theorem 3.3. Bossavit [18, 20] Let Q be a contractible, compact domain in
R3 with primal and dual domain meshes of a finite number of elements. Let
my denote the maximum diameter of a mesh element and assume the mesh
elements have bounded aspect ratio.. Let (B,H) be a solution pair to (3.8).
There exists a constant C' dependent on |[b[(s ;o but independent of ma,
such that

| 2B — b]| 02 + | [*T2M; 'H — < C my.

M Lz

This implies that the method is stable with the optimal order error estimate.
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Proof. The maps involved in proving the stability results are summarized in

the following diagram.

primal forms

-1 S

o || P2 @ dual forms

y
primal cochains @ P

Cﬁj dual cochains

To simplify the presentation of the material, we will prove that
1= 2
1 ZoB — bl |3 p2 + |[#T2M5'H = h|| ;0 < C m],
from which the theorem follows.

HI2B - b”im? + H*I?M?ﬁ B hHifAl
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11— 1S 2
< ||Z:B — Psb|| e + ||#ToMy ' H — LMy 'Pih|| 0
+C Hb||[2H1]37H1 m? by Lemma 3.5
1= = 2
= |Za(B = Pob)|[Zppe + | <M (T = Py
+C||b||[2H1]37H1 m by linearity
1 2 — - 2 2 9
= a? (HB = Pabllc= + HH - Plh”él) +C ||b‘|[H1]37H1 m; by Lemma 3.7
1 — e
- @WM?P? - Pl*)bHal +C ||b||[2H1]37H1 m3 by Lemma 3.8
< Cllbllrs s (1Bl 190 +1) w3 by Lemma 3.9

Note that per convention, the C' value in the last step may not be the same
as in previous steps. The largest C' value required for any of the steps suffices

as a general constant. O]

We first need a technical lemma related to our regularity assumption.

Lemma 3.4. Under the assumptions of Theorem 3.3, for any 2-simplex o? €

bl (/ ¢*(*b>> —/U? #'b

Proof. Without loss of generality, fix a 2D coordinate system z for xo? and a

CQ;

< |[Bll g a1 107 ] Ma

1D coordinate system y for o2 with origin z = o2 Nxc? as shown in Figure 3.2.

Since 0? and xo? are orthogonal, we can write b in coordinates as

b(x)dx := ¢*(xb) and b(y)dy := ¢*b
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o

Figure 3.2: In n = 3, a primal 2-simplex ¢? and its orthogonal dual edge xo?

intersecting at point z.

We then have that

‘M (/ o *b>_/0§¢*b
— ||*"g|| </Uf b(z) —b(z)+b(Z)d$> _/af b(y)dy

102l
< g | VPl b el ote) — [ i)y
< AT bl 1=zl + [ 1ol 12— wldy
a |* 12| *x02 [H]7H o2 [H]7H

< 102 1l g ciam(x0) + 021 [bl] s diam(a?)

< ||b||[H1]3,H1 |07 mq

]

Lemma 3.5. Under the assumptions of Theorem 3.3, there exists a constant
C such that
16 = ZoPabl[ x> < C ma |[b] 115 g (3.12)

||h — *ToM5 ' Py < Cmg bl i (3.13)

LI
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Proof. Note that (3.12) is the result of Theorem 2.50 for k = 2. For (3.13),

we have that

_ 2
=Tt Pub 0 = | o -+ 3 775 (/ ‘f"h) e

O',L-QECQ

HAT

Since *x* is the identity, we factor out * (which changes the norm to HA?) and

write the integrand in terms of b. This yields

1 :
= 2 e </ ’ <*b)> Wer

U?GCQ
We now add and subtract ([ . ¢*b)WV,2 inside the summation so that we can

HA?

apply Lemma 3.4 and use our result from (3.12):

= </72¢*b) W,

U?ECQ z
S [ o) = [ ob | W,
o2eC |*Oi ‘ *af Uf
i =72 HA?

< Cma Bll s+ || D el s [07] maWie
0'1-2662 A2
< Cmalbllypsm + Wl ma Y 102 [Wee |
o?ECz

To bound the summation on the right, we observe that the WU? functions have
compact support (recall property W5 from Section 2.6). Hence, the summation

is bounded by a constant depending only on ||, from which we conclude
|| = *TM5  Prbl| 0 < C mal[bl] e g
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]

Remark 3.6. The last step in the previous proof says that I,P, is bounded in
operator norm. Related results can be found in many other contexts, including
Bossavit’s computation of integrals of Whitney forms [19], and bounds on

interpolation error from finite element theory, e.g. [23, Section 4.4] and [7].

Lemma 3.7. Under the assumptions of Theorem 3.3, there exists a constant

a > 0 independent of mq such that
al|Zo(B = Pab)ll a2 < |[B = Pabl|2, (3.14)
af [«TMy (= Pih)|| 0 < ||[H = Pihl|z (3.15)

Proof. Observe that dZs(B — Pob) = Z3D(B — Pob) = —Z3DyPob and DyPob =
Psdb = 0, by Theorem 2.487 and 4i. This gives us

1 Z2(B — Pab)|[ g pe = [|Z2(B — Pab)|| 12 +|[dZ2(B — Pab)|| 12 = [|Z2(B — Pab)]| 125-

Hence, it suffices to prove (3.14) with the [L?]* norm on the left side.

Similarly, by Theorem 2.4844i and iv, we have that d*Z,M, ' (F—P1h) =
(*T,M; DT (7 — P1h) and DR — DIPh = 7 — Pyj. The quantity T — Psj is

zero since we assume (3.11). This yields

H*IgMgl(ﬁ _ flh)HHAl = H*I2M2_1(ﬁ — 51h)‘ ‘[L2]3
H|d My (7 = Pab) |

= |[«I,M; ' (H — P1h)| \[L2]3.
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Hence, it suffices to prove (3.15) with the [L?]* norm on the left side.

Let A € C? and recall Lemma 2.55. A binomial expansion gives the

equality

Hngﬂf:/ S AHWae| =< A MY >=: Qy(a).

02eCy
Hence Lemma 2.55 and the bounded aspect ratio assumption allow us to con-
clude that there exists a uniform bound

B — PZbHé? > o2
1Z2(B = Pab)|[Fops

Y

for some constant o > 0 dependent on the element shape quality parameters

but not the size or orientation of the element.

The proof for (3.15) is nearly the same once we parse the notation.
Note that *Z, means * %(Z,) which by Lemma 2.18 is the same as '(Z,). We
observe that ||1(Ig)||[L2]3 = ||2(Ig)||[L2]3 since the components of the vector

proxies for 1(Z,) and *(Z,) are the same. Therefore
[+ ZaM; (5~ Pib)|[[ s = Qa(M (7~ Pih))

Again by Lemma 2.55, we have a uniform bound
[71 =Pz
— = 2 =
‘ |*IQM2_1(H - Plh) ‘ |[L2]3

for some a with the same dependencies as the primal case. [

Lemma 3.8. Under the assumptions of Theorem 3.3,

1B = Pables + [[7 = Pabfoe = [| (M2, = Prspl[en (3.16)
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Proof. First we show that the right side equals the left side plus an additional
term involving the discrete inner product. We then show that this inner prod-

uct is zero, yielding the result.

|| (MaPy — Prx)b| |
= ((MaPs — P1#)b, My (MaPs — P1%)b)) by Definition 2.54
= (MyP2b — M5B, M ' (MyPob — M>B))
+ (MsB — Py + b, M; "' (MyB — Py % b))
+ (MyPsb — MB, M, ' (MB — Py + b))
+ (MsB — Py b, M5 ' (MyPob — M,B)) by adding +M,B
= (My(Psb — B), Pob — B))
+|[H =Py x|
+ (Ma(P2b — B), B — M, 'Py * b)
+(H— Py xb,Pob—B)) since H := M,B
= ||B— Pob||% + |[H — Pih|[ — 2 (B — Pob,H—Pyh)) since h := #b
It thus suffices to show that

(B — P2b,H — P1h) = 0. (3.17)

Observe that
]DQ(B — PQb) = —Dgpgb = —Pgdb = 0,
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by the enforcement of the discrete equation DyB = 0, Theorem 2.48:, and
the continuous equation. By exactness, there exists A € C! such that DA =

B — Pob. Using Lemma 2.53, we have that
(B—Pyb,H — P1h) = (D1A, H— P1h) = (A, D] (H—P1h)) = (A, T— D] P1h)

By Theorem 2.4871 and the continuous equation dh = 7, the right entry
becomes 7 — Poj. Since we assume (3.11), this entry is zero and the entire

inner product is zero, as desired. [

Lemma 3.9. Under the assumptions of Theorem 3.3,
||(MaPy — Prs)b| |1 < |[bl[F0p3 g1 192] ma (3.18)
Proof. We write out the left side explicitly to derive the estimate.

’ |(M2P2 - fl*)b‘ |El

_ Z| (‘*‘7 /gbb /¢ *b) by definition
- > </¢ “ioi . ¢*b>

2€C
*07;
< QZ |\a§\’ HbH[H1 s |07 ]? m, by Lemma 3.4
07€Cy
2
< [blfags g 1€ ma
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Figure 3.3: This diagram in 2D shows the relations between the projection
and Hodge star operators. The dots indicate where degrees of freedom are
assigned in the case of k =1, n = 2, i.e. primal and dual mesh edges. All the
discretization stability proofs rely on an estimate of MP — Px or M~'P — Px
in an appropriate norm.

3.2.3 Magnetostatics - Stability of Dual Discretization

The crucial estimate in the primal discretization case was the estimate
(3.18) of MyP, — Py*. As Figure 3.3 suggests, an analagous estimate should
hold for M P, — P,x. This estimate will be used to prove the discretization

stability of the dual formulation, namely, treating b as an element of . The

discretization of (3.7) becomes

D{B=0 B=M#u, DHn=.J. (3.19)
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Again, two mixed systems are available to solve for a solution pair is (B, H) €

52 x C'. The first is

(HR)-(F) om

In this system, Hy € C! is any primal 1-cochain satisfying D;Hy = J and H is

defined by H := Mflﬁ. Thus DyH = Dy (Hy + DyP) = J is assured. The second

(30 9)()-() e

where B is defined by B := DA so that DI B = DDA = 0. As in the primal

18

case, the choice between (3.20) and (3.21) only makes a difference in regards

to numerical stability (see Chapter 4).

The boundary conditions can be enforced in an analogous fashion to
the primal case. Our estimates will be cast in terms of an energy on h. We

define the norm
B[l s s 2= 1| pgs + [leurl A|f s -

As in the primal case, we also assume that the input current density j is
approximated exactly, i.e.

J—Paj = 0. (3.22)

We then have the same type of stability estimate as in the primal case.

Theorem 3.10. Let Q be a contractible, compact domain in R with primal

and dual domain meshes of a finite number of elements. Let mgy denote the
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mazimum diameter of a mesh element and assume the mesh elements have
bounded aspect ratio. Let (B,H) be a solution pair to (3.19). There exists a

constant C' dependent on || s (gr)s but independent of mq such that

| Zi1 = Al + |[+TiM;'B — < C my.

bl|ra:

This implies that the method is stable with the optimal order error estimate.

Proof. The proof technique is similar to that of the primal-formulated problem.

HLH - hH?JAl + H*IlelE o b| ‘ZAQ

< ||ZiH = TPl + |[STMTE — LM Pob
+C ||h||[2H1}37[H1]3 m3 by Lemma 3.12
1 —_— 2
= [[Zu(1 = Pub)l g0 + | [¥TaiM; (B = Pab)| [0

+C Hh‘ |[2H1}3,[H1]3 m?i by hnearity

1 2 — = 2 2

< = (HH — Pih|les +||B - P2b|}52> + C A1 e M3 by Lemma 3.13
1 = 2 2

== ?H(Mlpl _PQ*)hHEQ +CHhH[H1}3,[H1]3 m(2:1 by Lemma 314

< C Il oo e <||h||[H1}37[H1]3 Q[ + 1) m2 by Lemma 3.15

O
We need a corresponding technical lemma for the regularity assumption
on h.
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Figure 3.4: In n = 3, a primal 1-simplex o} and its orthogonal dual face o}
intersecting at point z.

Lemma 3.11. Under the assumptions of Theorem 3.10, for any o} € Cy,

e (/ ¢*<*h>> - [ o

i

<Pl grajs g 1o | ma

The proof is analogous to that of Lemma 3.4 by using coordinate sys-

tems for o} and =0}, as shown in Figure 3.4.

Lemma 3.12. Under the assumptions of Theorem 3.10, there exists a constant
C' such that
||h - IlpthHAl S C mgq ||h||[H1]3,[H1]3 (323)

bl 72

Note that (3.13) is the result of Theorem 2.50 for £ = 1. The rest of

the proof is analogous to that of Lemma 3.5.

Lemma 3.13. Under the assumptions of Theorem 3.10, there exists a constant

a > 0 independent of mq such that
al[Li(H = Pib)[ g < [[1 = Prihlle, (3.25)

af[*TiM; (B = Pab)|| 0 < ||B — Pabl| (3.26)
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The proof is analogous to that of Lemma 3.7.

Lemma 3.14. Under the assumptions of Theorem 3.10),

[ — P2+ ||B —Pab| |2 = || (M Py — Pos)h| |22 (3.27)

The proof is analogous to that of Lemma 3.8

Lemma 3.15. Under the assumptions of Theorem 3.10,
|[(ML Py — P |2 < N[B[0 grrgs |92 ma

The proof is analogous to that of Lemma 3.9

Remark 3.16. It is worth noting that this ‘dual’ approach to discretizing the
magnetostatics problem has been considered before. The thesis work of M.
Barton [10] (described in [11]) gave some theoretical and practical justifica-
tion for the approach and modern papers in electrical engineering still point
to [11] as a seminal work. Bossavit gives additional theoretical analysis and

justification in [17, Chapter 6].

Our purpose in revisiting the topic here is to show how this dual for-
mulation can be treated in a generic and unified way with the terminology of
DEC, suggesting how a similar treatment can be applied to other PDE prob-
lems. Moreover, the proof of the dual stability theorem is almost identical to

the primal stability proof in our generalized language. O
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3.3 Example: Poisson Equation

3.3.1 Poisson Equation - Continuous Problem

We now look at how similar techniques can be applied to a classical
PDE problem: Poisson’s equation. With Dirichlet boundary conditions, the

problem is

Au = f inQ
{ v = 0 on 0f) (3.28)

We consider solving for uw given f over a compact, contractible 3-manifold
Q) embedded in R?® with boundary denoted I' := 9. Translated to exterior

calculus, the equation over {2 becomes

dxdu=f

2

where u is a 0-form and f is a (dual) 3-form.? To write this equation as a

linear system, we introduce an auxiliary variable s and solve

xdu = s,

ds — f (3.29)

We now examine the primal and dual discretizations of (3.29) and their sta-

bility properties.

3.3.2 Poisson Equation - Stability of Primal Discretization

Treating u as an element of A°; the discretization of (3.29) is

M;Dyu =5, D!S=F. (3.30)

2We note that, formally, the equation is (§d + d§)u = f where f is treated as a 0-form,
but our treatment here is equivalent and simpler for exposition.
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Thus a solution pair is (U,3) € C° x C°. In this case, the general linear system

R)0-(2)

Our DEC treatment reveals, by analogy to the magnetostatics problem, an

(3.5) is written

equivalent linear system,

T _
(B3 e
In this system, Sy is any dual cochain satisfying DSy = F and S is defined
by S := M;Q. The first equation implies DI'S = DI (S — DIG) = F, since
DIDT = 0. By exactness of the discrete primal cochain sequence, D;Q = 0
implies that there exists a unique U € CY such that DyU = Q; the uniqueness
of U comes from enforcement of the boundary conditions. Hence S = M;DyU
and the same solution pair (U,S) is recovered. As before, the choice between
(3.31) and (3.32) only makes a difference in regards to numerical stability (see

Chapter 4).

We assume that u € H' and Vu € [H']3. For readability, we define the

norm:
ull g grgs = Mull g+ [Vl g

We assume the domain boundary I' is a collection of primal mesh faces and
incorporate the constraints U(c?) := 0 for ¢ C I'. We also assume the input

data is known exactly, i.e.

F—Psyf =0. (3.33)

The stability result is as follows.
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Theorem 3.17. Let ) be a contractible, compact domain in R3 with primal
and dual domain meshes of a finite number of elements. Let mgq denote the
mazximum diameter of a mesh element and assume the mesh elements have
bounded aspect ratio. Let (U,S) be a solution pair to (3.30). There exists a

constant C dependent on ||ul] 1 s but independent of ma, such that

1ZoU — ul|grp0 + ||*TiM; 'S — < O my.

SHHA2

This implies that the method is stable with the optimal order error estimate.

Proof. The maps involved in proving the stability results are summarized in

the following diagram.

primal forms (u) d Al
Po P1 §
@% 7 (s)  dual forms
Ps P2
primal cochains @ Do C!
My
Mt

?LL = @ dual cochains

]DO

To simplify the presentation of the material, we will prove that

1ZoU — ul|3p0 + | [FTi M 'S — < Cm?,

Ik
S| a2

from which the theorem follows.

89



1= 2
| Zou — U||§{A0 + H*IlMl 's - 3| ‘HAQ
1= = 2
< || Zou — ToPoul 300 + | [FTM'S — « M Pos| |
+C Hqul,[Hl]g m? by Lemma 3.19

— N\ Zo(U = Pow)| 2o + |[FTMA 5 = Pos) ||

+C’Hu|]§{17[H1]3 m? by linearity

1 = 2
< = (IIDo(u = Pou) [ + |[5 = Pas 22
+C ||u||§{17[H1]3 m?% by Lemma 3.20
= iH(P * —M; P )SH2 +C ||ul? m3 by Lemma 3.21
-2 1 1 /72 cl HUHY3 *d y '
< Cllull g g (HUHHI,[HI}S 0] + 1) m2 by Lemma 3.22
]

We first need a technical lemma related to our regularity assumption.

Lemma 3.18. Under the assumptions of Theorem 3.17, for any 2-simplex

012 € Cy,
T raan)) = [ ¢ a)] <l g ot
o] \ oo e e
Proof. Observe that ddu = 0 implies ||dul| s (193 = [[dul[ g < [[uf| g1 pr1ps-

Hence, the proof is identical to that of Lemma 3.11, with h replaced by du. [J
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Lemma 3.19. Under the assumptions of Theorem 3.17, there exists a constant

C' such that
lu = ZoPoul ypo < C ma |[ul] g (s (3.34)

|[s = *TiM Pas| | 00 < C ma ||ul| g1 s (3.35)

Proof. First note that (3.34) holds by Theorem 2.50 for £ = 0. By the same

theorem for k = 1, we have that
ldu = ZPudul s < C malldull g s < € malltll s (3:36)

since ddu = 0 implies ||dul| s s = [|dul| s < [ull g app- Thus, the
proof of (3.35) proceeds exactly as the proof of (3.24) from Lemma 3.12 by

replacing h by du and b by s. ]

Lemma 3.20. Under the assumptions of Theorem 3.17, there exists a constant

a > 0 independent of mq such that
af|Zo(u = Pow) | gp0 < [[Do(U = Pou)ler (3.37)

a||¥LM; (S = Pas)|| o < ||S — Pas|| (3.38)

Proof. The subtle difference between this proof and its counterparts from the
magnetostatics examples is that the two variables involved (u and s) are not
related just by a * relation. However, we can use the Poincaré Inequality to
bound w in terms of its gradient Vu (= du) and proceed in a similar fashion.

For (3.37), we have
|| Zo(U = Pow)|[ gao = |[Zo(U = Pow)|| 2 + [|dZo(U — Pow)|| 2
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by the definition of ||-||;,0. Observe that U and u are both identically zero
on 9 and hence Zy(U — Pou) = 0 on 99, as well.> Thus, by the Poincaré

inequality (Theorem 2.67), we have
1Z0(U — Pot)ll 0 < (C + DIdZo(v — Pou)
By the commutativity of d and Z (Theorem 2.48ii), we have
1Zo(U — o)l 0 < (€ + DTV — Pots) 12

The proof is now analogous to that of Lemma 3.7; we use the nice refinement

assumption and Lemma 2.55 to conclude that

[IDo(U — Pou)||a 2
5 =«
|| Z1Do (U = Pow)|[12}5

Y

for some constant o > 0 dependent on the element shape quality parameters
but not the size or orientation of the element. The proof for (3.38) is analogous

to that of Lemma 3.7 ]

Lemma 3.21. Under the assumptions of Theorem 3.17,

Do(u — o) s + |[§ = Pos|Pe = || (P« —MyPo)s| |, (3.39)

The proof is analogous to that of Lemma 3.8

Lemma 3.22. Under the assumptions of Theorem 3.17,

[Py # =M Po)s| |0 < [lul 51 s 192] ma

The proof is analogous to that of Lemma 3.9.

3Note that even if non-Dirichlet boundary conditions were used, we can proceed so long
as we can assume that U = Pyu on 9f2.
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3.3.3 Poisson Equation - Stability of Dual Discretization

Treating u as an element of KO, the discretization of (3.29) is
M;'DIT =35, Dys=r. (3.40)
Thus a solution pair is (U,s) € C’ x C2. The general linear system (3.6) is
M, DI sy [0
(50 ) () =(3) o1
Again, we have an equivalent linear system,

(352)(9)-(7)  om

where Sy € C? is a primal 2-cochain satisfying D,Sy = F and U is a solution to

written

DIT = —q. Define s := M, so that Dys = Dy(M; Q) = Dy(S + DiG) = F.
As before, the choice between (3.41) and (3.42) only makes a difference in

regards to numerical stability (see Chapter 4).

We assume that s € [H']* and div s € H'. We assume the domain
boundary I' is a collection of dual mesh faces and incorporate the constraints

T(x0?) := 0 for x0® C T'. We also assume the input data is known exactly, i.e.

The stability result is as follows.

Theorem 3.23. Let ) be a contractible, compact domain in R3 with primal

and dual domain meshes of a finite number of elements. Let mq denote
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the mazimum diameter of a mesh element and assume that we have a nice
refinement technique. Let (U,S) be a solution pair to (3.40). There exists a

constant C' dependent on [|ul| 1 s but independent of ma, such that
H*I?,Mglﬁ — u‘ ’HAO + [|Z28 — s|| a2 < C mg.
This implies that the method is stable with the optimal order error estimate.

Proof. The proof is very similar to the previous stability proofs, differing only
in the first step. Observe that U = v = 0 on I' so the Poincaré inequality

(Theorem 2.67) implies

||+Z5M;5 1T — < O||V(ZM5 T = w2

uHHAO

By Theorem 2.48(iv) and the interpretation of V as dy, we can equate
||V (ZsM5'0 = )] o) = |[+ToM5 ' D50 — dul|

The claim is now almost identical to the magnetostatics primal stability result

by the identifications
s—b S—B, du—h, DIT—T

There is a small difference in that we have DyS = F instead of D,B = 0 and we
have DT (DIT) = 0 instead of DTH = 7. However, these differences only matter
in two places in the proof which we can easily dispatch. First, in the beginning

of Lemma 3.7, our assumption that F — Psf = 0 lets us reduce the HA? norm
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to an [L?]®> norm (instead of it being immediate from the equations). Second,

to prove equation (3.17), we use the fact that
H—P1h=D]T — Pidu= D] (T — Pou)

and proceed using Lemma 2.53 in the same manner. Therefore, the proof goes

through in exactly the same way. O

3.4 Example: Darcy Flow

We now consider a simplified Darcy flow problem which has previously
been considered as an application of DEC theory by Hirani et al. [58, 60].

Under the assumption of no external body force, the problem on 0 C R? is

k
f+;Vp =0 inQ,

div f = ¢ in(,
f-n = v on 09,

(3.44)

The goal is to solve for volumetric flux f and pressure p given ¢ and 1 satisfying
the compatibility condition [, ¢dQ = [,,¥dl'. We assume for simplicity of

presentation that the ratio k/u of permeability to viscosity is 1.

We take p € A” and f € A? since they are operated on by grad = d
and div = ds, respectively. The first equation requires a Hodge star for the

summation to make sense, yielding the system

[+=dp =0,
df = o.

By the correspondence f — s and p +— wu, we can recognize (3.45) as the

(3.45)

Poisson problem (3.29) with Neumann instead of Dirichlet boundary condi-
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tions. This problem does not have a unique solution unless some additional
constraint is imposed, e.g. partial Dirichlet boundary data. With such a con-
straint, a Poincaré estimate still holds for p (the analogue of u) and hence all

our analysis from Section 3.3 carries over to this problem.

The method proposed by Hirani et al. [58, 60] gives a primal discretiza-
tion of f as F € C? and a dual discretization of p as P € e’ Thus, their
approach is the same as the dual discretization of the mixed Poisson equa-
tion presented in Section 3.3.3 and achieves the same stability estimates. Our
methodology thus reveals an alternate discretization, namely, f as F € ¢’ and

p as P € C°, with stability guaranteed by the analysis in Section 3.3.2.

The important message from this example is the evident arbitrariness
of ‘primal’ and ‘dual’ monikers. While a primal discretization of u was the first
consideration when discretizing Poisson’s equation, a primal discretization of v
was the first consideration when discretizing the Darcy flow equation. This, we
contend, provides evidence that the toolkit of DEC will be useful in identifying
alternative discretization methods for many PDEs beyond those considered in

this thesis.

3.5 Discretization Stability with the Whitney Hodge
Star

It is almost possible to claim that the linear systems presented thus
far maintain their discretization stability results if M, is replaced with MkWhit,

mutatis mutandis. As we have discussed in Remark 2.52, this type of change
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A¥ AF
IkT ipnk
M _

Figure 3.5: Certain maps between cochain and form spaces are shown, in-
dicating how definitions of the discrete Hodge star My can be motivated as
approximations to the composed map P,,_x * Zs.

is typically accompanied by a switch from circumcentric to barycentric dual
meshes. In this case, it has been shown by Bossavit [19] that the analogues
of all the Lemmas in Section 3.2.2 hold and hence Theorem 3.3 holds as well.
Thus, the all the subsequent examples depending on the primal magnetostatics
proof hold as well. The end result of such analysis is a fact already well known
in the finite element community, namely, that the appropriate use of Whitney

elements produces stable mixed methods [24, 7].

Rather than reproving these well-known results in a lengthy exposition,
we will show how the definitions of M, and M} can be seen as different
attempts at discretizing the composed map P, _ * Z;, as shown in Figure 3.5.
This will shed light on why two seemingly unrelated operator discretizations
can both result in stable methodologies. It will also motivate why the inverse
discrete Hodge star we define in Section 4.2 should be a good proxy for the

inverse of either of either My, or M}V,

First we define an approximation of P,,_;, which we will call P! _, where
the g is meant to stand for ‘geometric.” Definition 2.45 tells us that evaluating

Pk *u for some u € A requires the computation of integrals of *u over each
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dual n — k£ cell in the mesh. Finding a closed form expression of these integrals
for arbitrary u and arbitrary mesh geometry is implausible. If u is reasonably

smooth, however, we can estimate the integrals by assuming

1 * 1 *
—‘*Ufl/mfcb (*u>~@/ﬁ¢u,

i.e. that *u has the same average value over xo¥ that u has over of. Thus, we

| % ¥
P ku = ! o u
" { CARN R

Observe that for U € C*, the value U(oF) is meant to represent the integral of

define

. Di
u over of. Thus, we can view M, ""U as

7

MDia'gU — | *O—Z U O'k e fg_ *IkU ~ fn_k *IkU 346
k n—k

(2
To see M}V" as a similar composition, we first define an approximation of Py

which we will call P} where the s is meant to stand for 'smoothed.” Define

/uWUch
Pii(u) = q lof]

.

The integrals are over 2. Note that P} is exactly Py on constant functions
and can be expected to give a good approximation of P}, for arbitrary u by the

properties of Whitney functions. We will make use of the geometric identity

| x o] = /Wag (3.47)
which holds over barycentric meshes, as was shown by Bossavit [19].
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Lemma 3.24. For any U € CF,

MYty =P, TPIT U

Proof. The proof is a matter of picking through the definitions. Denote U(af)
by U; and W_x by W;,. Observe that
J

( k/(ZUjo) W,-\

P]jku = |O'-

Thus,
/(Z UjW]> Wi
IkPkaU = Z |0’ZC ] Wl
/W@'Wj
=) —F—Uulo W,
ij /Wz
Hence,

/ WW,
Py x LPILU = Uik of| Y

= |
{2 o]

= M hity,

7

Note that this last chain of equalities used the geometric identity (3.47). O
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Since P;Zi, ~ 1, we can use Lemma 3.24 to conclude
MZV}ZitU ~ fiik * IkU — MszagU

and thus, by (3.46), M}""tu ~ P, * T,,U, as well.

The definition of a discrete Hodge is by no means canonical and many
plausible choices for their definition may provide for discretization stability in
these types of mixed methods. In this section, however, we have seen that
the most used definitions of M, both provide an approximation of P,,_j * Zy.
Hence, this approximation property can be used as a criterion to motivate
alternate definitions of Ml;, and of its inverse. This will be discussed further in

Section 4.2.

3.6 Discretization Stability with Generalized Barycen-
tric Interpolation

In all of our analysis thus far, we have used the composed operator
1 —k —k
* Ly M " :C — A (3.48)

as a shortcut for defining an interpolation operator on the dual cochain spaces.
This has had the advantage of allowing us to leverage many established results
on the I operators in our stability proofs. The drawback, however, is that
writing the operator out in a simple closed form (in preparation for subsequent
implementation in code, for instance) is rather difficult due to the presence of

the % operator.
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As we will show, (3.48) is neither the only nor the optimal definition for
a dual cochain interpolation operator. We will construct explicit interpolation
operators Z, for dual k-cochains and show that they achieve the same optimal
convergence estimate. The results in this section are for Z, with n = 2, taken
from my paper [48]. A construction of T, with n = 3 for 0 < k < 3 will be

given in Chapter 4.

To show a standard optimal convergence estimate for the Z, operator
with the Sibson functions, we will make use of the definitions and results given

in Sections 2.10, 2.11, and 2.12.

Theorem 3.25. Assuming conditions G1 and G2, the optimal convergence
estimate holds for T, using the Sibson generalized barycentric interpolation

functions. That s, there exists a constant C' independent of mq such that
||u — ZoPou |H1(T) < Cdiam(7)|ulgz(ry, Vu € H*(T). (3.49)
Proof. Again, we will use the abbreviated notation
I :=1Z,P,.

By Corollary 2.65, it suffices to prove estimate (2.19). By Lemma 2.66, it
suffices to prove (2.20). By Lemma 3.29, (2.20) holds. Hence, the rest of this

section is devoted to proving Lemma 3.29. [

We begin with a technical property of domains satisfying conditions G1

and G2.
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Figure 3.6: Notation for proof of Proposition 3.26.

Proposition 3.26. Under G1 and G2, there exists h, > 0 such that for all
x € T, B(z, h,) does not intersect any three edges or any two non-adjacent

edges of T.

Proof. Let x € T, h € (0,d./2), and suppose that two disjoint edges of T, e;
and e, intersect B(x, h). Let L; and L; be the lines containing e, and e; and
let # be the angle between these lines; see Figure 3.6. We first consider the

case where L; and L; are not parallel and define z = L; N L;.

Let v; and v, be the endpoints of e; and e; nearest to z. Since h < d, /2
both v; and v, cannot live in B(x, h); without loss of generality assume that

v; ¢ B(x,h). Since dist(v;, L;) < 2h,

sinf < 2h/ |z —v;,]|. (3.50)

Let W be the sector between L; and L, containing x. Now T C
B(v;, 1)NW C B(z, 14|z — v;|)NW. It follows that p(T) < (14|v; — z|) sin 6.
Using (3.50) and G1,

2h

|z — vy

1 1
— < 1+ |z—v;|) <2h (= +1
S (1+z—v,l) < (d*+ )
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where the final inequality holds because by G2 |z — v;| > |v; — v;| > d.. Thus

ds

h>————.

(3.51)

Estimate (3.51) holds in the limiting case: when L, and L; are parallel. In
this case 7 must be contained in a strip of width 2A which for small A violates

the aspect ratio condition.

The triangle is the only polygon with three or more pairwise non-
adjacent edges. So it remains to find a suitable h, so that B(x,h,) does
not intersect all three edges of the triangle. For a triangle, p(7) is the radius

of the smallest circle touching all three edges. Since under G1 p(7) > 1/~*,

B(x, 5=) intersects at most two edges. Thus h, = ﬁ is sufficiently small

? 2y 1+d.)

to satisfy the proposition in all cases. O

Proposition 3.26 is a useful tool for proving a lower bound on D(x),

the area of the Voronoi cell of x intersected with 7.

Proposition 3.27. Under G1 and G2, there exists D, > 0 such that D(x) >
D,.

Proof. Let h, be the constant in Proposition 3.26. We consider two cases,

based on whether the point x is near any vertex of 7, as shown in Figure 3.7

(left).
Case 1: There exists v; such that x € B(v;, h,/2).

Consider the sector of B(x, h./2) specified by segments which are par-

allel to the edges of T containing v;, as shown in Figure 3.7 (right). This
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Figure 3.7: The proof of Proposition 3.27 has two cases based on whether x is
within h, /2 of some v; or not. When x is within h, /2 of v;, the shaded sector
shown on the right is contained in Vp/(x) N'T.

sector must be contained in 7 by Proposition 3.26 and in the Voronoi cell of x

by choice of h, < d,. Thus by G4 (using Proposition 2.61(1)) D(x) > 3.h?/8.
Case 2: For all v;, x ¢ B(v;, h./2).

In this case, B(x, h./4) N'T C Vp/(x). If B(x, h,/4) intersects zero or
one boundary edge of T, then D(x) > wh?/32. Otherwise B(x, h,/4) intersects

two adjacent boundary edges. By G4, D(x) > 3,h?/32. O

General formulas for the gradient of the area of a Voronoi cell are well-

known and can be used to bound the gradients of D(x) and D(x) N C;.

Proposition 3.28. |VD(z)| <7 and |V(D(x) N C;)| < 1.

Proof. The gradient of the area of a Voronoi region is known to be

Vi

|Vj — x| j’

— X

VD(x) =)

J=1

104



where Fj is the length of the segment separating the Voronoi cells of x and

v; [75, 76]. Then applying Proposition 2.60 gives

IVD(x)| <> F<|0T| <.
=1

Similarly,
v, — X
D V= " F
v( (X) N Cl) |VZ o X| 1)
and since F; < diam(7T), |[V(D(x)NC;)| < 1. O

Propositions 3.27 and 3.28 give estimates for the key terms needed to

prove (2.20), i.e. a uniform bound on the H' norm of the ); functions.

Lemma 3.29. Under G1 and G2, (2.20) holds for the Sibson coordinates.

Proof. |in‘ is estimated by applying Propositions 3.27 and 3.28:

VD) NG| | (DXE)NC) VD) _ [V(D(x) NG|+ [VD(x)]

x| <

D(x) D(x)? - D(x)
< 1+ 7T.
=D,
Integrating this estimate completes the result. O

We conclude with a remark on why Theorem 3.25 implies a similar
estimate over an entire (). Suppose (2 is a mesh of a finite number of elements
denoted by 7. Squaring both sides of (3.49) and summing over the elements

yields

Z Hu —foﬁouHil(T) <C? Zdiam(T)2|u|§{2(T), Yu e H*(T).
T T
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Letting mgy denote the maximum diameter of all 7 € 2, we have that
== 2
ZHU_IOPOUHHl(T) S 02 miZ\uﬁ{z(ﬂ, Yu € H2<T)
T T

The sums are now of integrals whose domains are disjoint with union € (recall
Definition 2.14). Given this observation, we can rewrite and square root both

sides to get the global estimate

HU —fgfou”Hl(Q) <C md|u|H2(Q), Yu € HQ(Q)
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Chapter 4

Numerical Stability of Dual Methods

In Chapter 3, we explained how to construct primal and dual discretiza-
tions of the same PDE and showed that both resulted in optimal convergence
estimates as the size of the maximum mesh element shrinks. This begs the
question of how implementation concerns might guide the choice of one method
over the other. Recalling the generic systems (3.5) and (3.6) from Section 3.1,
both have similar structures. However, they may have vastly different nu-
merical properties depending on whether the diagonal Hodge star M, or the

Whitney Hodge star MV" is used.

While the matrices Ml and M~! are both diagonal and thus result in
fast solvers, they yield a very coarse approximation of the metric information
encoded by *. This means a very fine mesh may be needed to get sufficiently
accurate results with M. The richer approximation power of M""* provides
for a better approximation of metric information, but M""# is only sparse
and (M""*)~! may be dense. Hence there is a tradeoff between computational
efficiency and accuracy in choosing between the diagonal and Whitney discrete

Hodge stars, with one choice (viz. (M""#)~1) essentially untenable.

To allow for an accurate alternative to MI~! and a sparse alternative to
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(MW =1 we introduce a new discrete Hodge star based on the generalized
barycentric functions ); defined in Section 2.10. To motivate the definition,
we begin by proposing a set of functions analogous to the Whitney forms but

defined relative to a dual mesh.

4.1 Whitney-like Interpolation Functions for Dual Meshes

We define the dual Whitney-like interpolant of a dual k-cochain W € c"

to be

Ti(W) = > Wo")YW,nr. (4.1)
*O'n_k€6k

where W, «—« is a basis function associated to the k-dimensional element xo™*

in the dual mesh. We now define these dual basis functions in 2D and 3D.

Definition 4.1. Let n = 2. The Whitney-like function W, i associated

k

to the k-dimensional element xo2~% in a dual mesh is defined as follows.

e Dual Vertices. The function associated to a dual vertex xo? :=v; is
W*a2 = Xia

where )\; is any barycentric function satisfying Definition 2.56. An ex-

ample is the Sibson functions given in Definition 2.59.

e Dual Edges. The function associated to an oriented dual edge xo! :=

[vi, v;] is the vector-valued function



e Dual Cells. The scalar-valued function associated to the polygon %o

is a constant function on the element:

S 1/| % c° on %o
Wiat i= Xao® = { 0 otherwise

O

Definition 4.2. Let n = 3. The Whitney-like function W, s associated

to the k-dimensional element xo°~* in a dual mesh is defined as follows.

3

e Dual Vertices. The function associated to a dual vertex xo° := v, is

W*a3 = Xi;

where )\; is any barycentric function satisfying Definition 2.56. An ex-

ample is the Sibson functions given in Definition 2.59.

e Dual Edges. The function associated to an oriented dual edge xo? :=

[Vi, V;] is the vector-valued function

e Dual Faces. Consider a dual face xo! with m vertices {¥,...,V,,_1}.
Partition the face canonically into triangles by adding a vertex € at
the centroid of the face vertices and adding the edges [€,V;]. Define 2-
simplices 7; := [€,V;, V;11], indices taken mod m. Define 3-simplices by

connecting the 7; to the endpoint of ¢! inside the polyhedron. Define

m—1 |7_|
A L 7
Wit 1= Z o]
=0

Wri X
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where ., is the characteristic function on 7; (1 on 7;, 0 otherwise) and
W'Ti =2 (/\§v>\z X v>\i+1 — )\ZV)\E X V)\i—i-l + )\i+1V)\E X V)\z) .

Note that W;, is the Whitney 2-form associated to face 7; of a tetrahedron
and that these tetrahedra partition the entire polyhedra. An example is

shown in Figure 4.1.

e Dual Cells. The scalar-valued function associated to a dual cell xo? is

a constant function on the cell:

— 1/| % o° on xo®
Wag0 i= Xao0 = { 0 otherwise

The analogy to the primal Whitney functions is made precise by the

following Lemma.

Lemma 4.3. If x0° is a simplex, the dual Whitney functions associated to its

subsimplices are identical to the Whitney functions.

Proof. The generalized barycentric functions reduce to barycentric functions

on simplices. Hence the result follows immediately from the definitions. [

Moreover, many of the properties of Whitney functions can be recovered

for dual Whitney functions.
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2 |
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Figure 4.1: Sample computation of a Whitney-like form associated to a dual
face xo! with vertices v;. By adding the centroid €, we have a canonical de-
composition of xo! into triangles 7;,. A weighted sum of the primal Whitney
function associated with each 7; is constructed to define the function for the
face. As shown on the right, each 7;, e.g. the shaded triangle, forms a tetrahe-
dron by connecting its vertices to the vertex of ¢! interior to the polyhedron.
Note that in general € need not be the same as o! N xo!.

Theorem 4.4. Let \; denote any set of generalized barycentric functions sat-
isfying Definition 2.56. Then the associated Whitney-like functions satisfy
properties analogous to properties W1-W3 of the Whitney functions. More

precisely, the following conditions hold for n =2 or 3 with 0 < k < n.

W1. Conformity in HAF: T, (W) € HAF

W2. Local support: supp W,,» C U *0°

*00 =gk

W3. Interpolation: / O*W,or) = 1
*Uf !
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The following property holds for k = 0 when n = 2, using Sibson coordinates.
W4. Optimal Convergence: Hu — Zﬂ_?ku} ‘HM < C my

Proof. The partition of unity property is property B3 in Section 2.10. The
local support property is immediate by construction and is discussed further

in Section 4.2. The optimal convergence property is the result of Theorem 3.25.

To prove the conformity property, we will use the results and notation
of Section 2.4 and Lemma 4.6 given below. We take n = 3 since similar
arguments suffice to prove conformity in n = 2. Figure 4.2 motivates the
proof.

Vi Vq

() (b)

Figure 4.2: Proof of the conformity property in cases k = 1 and k = 2. In (a),
we depict the observation that on any face not containing v, A is identically
0 and hence V) is orthogonal. In (b), we depict, similarly, how V2, and
VA, lie in the same plane as a face containing v, and v,; their cross product
will be a portion of the normal component of the two form associated to the
face and thus is agreed upon by two polyhedra sharing the polygon.

W1, k=0: We need to show u € H! for

u = To(W) = ZW(*U?)X»
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where W is an arbitrary dual 0-cochain. Let F' := xo! be an arbitrary dual
face such that F' = %03 N xo3. By Corollary 2.35, it suffices to show that
u; = up on F. By Lemma 4.6, u; and uy only depend on the vertices v; € F.
Since u; and uy are computed by the summation of the same coefficients and

coordinate functions for any x € F', they are identical on F'.

W1, k=1: We need to show 7 € H(curl) for
Z=T,(W) =Y WHo))W,,2,

where W is an arbitrary dual 1-cochain. Let F' := %xo! be an arbitrary dual
face as before. By Corollary 2.37, it suffices to show Tr(2)) = Tr(Z;) where
Tr(Z;) is the tangential component of Z; on F. Note that the W,,» functions
are comprised of terms of form \,V\, where x0? = [v,,v,]. By Lemma 4.6, if
v, is not a vertex of F' then the term is zero on F' and if v, is not a vertex of
F then the term is orthogonal to F. Therefore, WW,,2 contributes to Tr(Z;) if
and only if 02 is an edge of F. By the k = 0 case, the values of )\; agree on

F, meaning Tr(z)) = Tr(Z).
W1, k=2: We need to show that z € H(div) for
P T W) = S W W,

where W is an arbitrary dual 2-cochain. Let F' := xo! be an arbitrary dual
face as before. By Corollary 2.37, it suffices to show Np(z}) = Np(Z2) where
Np(Z;) is the normal component of Z; on F'. Note that the W, 1 functions are

comprised of terms of form

Epar = AV, X VA,
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where p, g, r are vertices on some face (2-cell) of the mesh. In our definition
of W,,1, the ); functions in &p,qr are actually standard barycentric functions
over a tetrahedron inside the polyhedron; this was chosen to ensure that the
interpolation property holds and effectively reduces the conformity proof to the
primal case. As we will now show, however, such reduction is not necessary
to prove conformity; we only need that the ); are some type of generalized

barycentric functions within the polygon.

Denote the vertices of F' by {v;};c;. We will show that ,,, has a
non-zero normal component on F only if p,q,r € J. If p & J then Xp =0 on
F by Lemma 4.6, making &, ,, = 0 on F, as well. If p € J but ¢, ¢ J, then
qu and V), are both orthogonal to F on F by Lemma 4.6. Hence, their
cross product is zero and again §,,, = 0 on F. If p,¢ € J but r € J then
again V), L Fon F. Since qu x VA, L V\,, we conclude that §pgr € Fon
F', meaning it has no normal component. The same argument holds for the

case p,r € J, ¢ ¢ J. The only remaining case is p, q,r € J, proving our claim.

Since &, ., is only a term of W,,1(= Wr), we conclude that Np(Z) is
determined by W, 1 alone. By the k = 0 case, the values of \; agree on F,
meaning Ng(z1) = Np(2).

W1, k=3: We observe that Z3(W) is piecewise constant over each dual cell

0

x0”. Since W is finite-valued and we have a finite number of cells, Z35(W) €

L? = HA3.

Now we address the interpolation property. Again we take n = 3 since
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the n = 2 proofs are essentially identical.

W3, k=0: We must show that \; evaluated at the ith dual vertex is 1, which

is immediate from property B5 in Section 2.10. In notation,

" Whes) = Milx0?) = 1.

W3, k=1: Without loss of generality, suppose e;; is an edge oriented from

dual vertex v; to dual vertex v;. Observe that

- 1 -
/ )\,LV)\j = ’6' ‘ / Al(V)\j . eij)7
€ij wl Jeq

1,

where €;; is the vector in the direction of e;; with length |e;;|. On e;;,
VA - éi; = T(V)) - €5 = |T(VX)||e;], (4.2)

where T(V);) is the tangential projection of VA; on e;;. Further, on e,
T(V),) is the same as the derivative of \; in the direction of e;;. Since ); is
the linear function satisfying A\;(¥4) = &, on e;; (by the boundary agreement
property B6 from Section 2.10), we have that T(V);) = 1/|e;;|. Therefore
(4.2) is equal to 1 and, by similar reasoning, we have that

/,

J

- 1 S — 1
‘61.7 | €ij ’67/] | €ij

Letting o7 := e;;, we have shown that

O Wigz) =1,

*Uk
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W3, k=2: We first prove the primal version of this case. Consider a tetrahe-
dron ¢? defined by a face 02 and vertex v. Let 7 denote the outward normal

to 03 on 0. By geometric arguments [17, page 141], it follows that

_alt(o?,v)
Wor =55

where alt(o?,v) denotes the altitude of 0 from o2 to v. Using the standard

volume equation |03| = |o?|alt(c?,v)/3, we have that

1
[ [ o
o2 o2 ‘02‘

as desired. For a dual face xo! decomposed into triangles 7,

m—1 m—1
/ Wit -t = 7] /Wn i = Il
ol =0 |*0-1| Ti =0 |*0-1|
since the 7; partition xo'.
W3, k=3: Let U € C . Then
{PsZ:T} = | ¢*W,p0) = / L
*0 ‘ *090 ’ * UO|

]

Corollary 4.5. The Whitney functions on a primal mesh satisfy the interpo-

lation property W8 and the conformity property W1.

Proof. By Lemma 4.3, Theorem 4.4 suffices as a proof for Whitney functions

on a primal mesh. O
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L a codimension

Lemma 4.6. Let x0° be a cell in a dual mesh and F := %o
one face. Denote the vertices of F' by {v;};c;. Let v; be any vertex of xo°. If

i J then \y =0 on F and V\; is normal to F on F, pointing inward.

Proof. The first statement is a consequence of the boundary agreement prop-
erty B6 from Definition 2.56 in Section 2.10. This implies F' is part of the
zero level set of \;, from which it follows that V); is orthogonal to F on F. It
points inward since the support of \; has support in ¢ but not on the other

side of F'. O

Remark 4.7. It seems unlikely that a commutativity property between the
exterior derivative and the Z;, operator will hold. This is due to the fact that
the proof of W5 relies strongly on the fact that a k-dimensional cell in a primal
mesh is a simplex and hence has k + 1 vertices. Since dual cells certainly do
not have this property, we cannot expect a similar result for them. This lies
in contrast to some claims in the literature that the exterior derivative and
Whitney-like operators commute over rectangular meshes - they do not. The
lack of commutativity makes proofs of discretization stability using Z; more

difficult, but not impossible, as exhibited by Theorem 3.25.

4.2 (M,?“al)*l: A Sparse Inverse Discrete Hodge Star

We use the dual interpolants to define a dual discrete Hodge star by

(MPuet) ™ (W*UF,WM;) . (4.3)

v
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The inner product here is the standard integration of scalar or vector valued

functions over the dual domain x/. For instance, in the case k = 3, we have

(MPualy-1), = (W*(,?,W*U?) = /*KXL-XJ».

The formulation for other k values will similarly involve integrals of the \; func-

. . Di ; -1. . .
tions. A comparison of M"Y, M}""* and (M£"“*) " is shown in Figure 4.3.

/
/

/

Diag W hit Dual\ 1
M M (Ml )

Figure 4.3: The various discrete Hodge stars depend on different aspects of
mesh geometry as shown in this 2D examples. The diagonal Hodge star (left)
computes ratios of sizes of primal-dual element pairs. The Whitney Hodge
star (middle) has entries of Whitney functions integrated against each other.
The support of a particular W, function is shown in grey; the integral of its
projection to the bold edge has value 1. The Dual Hodge star (right) that we
propose has entries of dual Whitney functions integrated against each other.
The support of a particular W, 1 is shown in blue; the integral of its projection
to the bold dual edge has value 1.

We note that MP““ may, in the general case, be full, but this is of no

concern; the point was to have a sparse inverse discrete Hodge star.

Lemma 4.8. (MPu)=1 js sparse.
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Proof. Observe that W, « has localized support by construction. Entry ij of
(MPue)=1 will be non-zero only if xo¥ and *af are adjacent. Thus each row
of the matrix will have at most as many non-zero entries as xo~ has adjacent

n — k cells, meaning the matrix is sparse. O

We now prove a more specific characterization of the sparsity structure

of MVhit and (MP#a)=1 over a mesh K and its dual mesh xK.

Lemma 4.9. Entry ij in M is non-zero only if there exists o™ € K such

that o™ has at least one vertex from of and one vertex from Jf.

Proof. Computing entry ij in MV involves [12] summing terms of the form

( /K /\1/\2) det (V" W) (4.4)

where \;, \y are barycentric functions associated to v, € oF, vy € crf , respec-
tively; I is a list of k vertices from o not including vy; J is a list of k vertices
from a;? not including v9; and V7, W; are n x k matrices. The pth column of
V7 is the vector VA, where A, is the barycentric function associated to the pth
entry in /. The gth column of W} is the vector VA, where ), is the barycentric

function associated to the gth entry in J.

Observe that the support of the barycentric function associated to ver-
tex v is contained within the n-simplices touching v. Thus, if there is no "
with at least one vertex from ¢F and one vertex from a;-“ , the Ay and Ay ap-

pearing in (4.4) will always have disjoint support, making the entry zero. [J
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Using the same kind of reasoning, we have a similar result for our dual

discrete Hodge star.

Lemma 4.10. Entryij in (MP“)=1 is non-zero only if there exists xo° € xK

such that x0° has at least one vertex from xof and one vertex from o¥.

n+1

The number of k-simplices in an n-simplex is (k i

) which gives the

following corollary.

Corollary 4.11. Let A(c%) denote the number of n-simplices in K incident

k

on at least one vertex from o”. Then the number of non-zero entries in row 1

of M or row i of (MP*)~" is at most (1) A(0}).

The bound can be sharpened for particular choices of n and k or if
additional assumptions are made about K. As stated, however, the corol-
lary provides a simple means for evaluating the computational expense of a

particular discretization scheme.

Since (M,?““l)fl was defined in analogy to M}V it satisfies a scaling

property similar to that of MY,

Lemma 4.12. Let K be a finite primal mesh with n = 3. Define a functional
Qy [ by

Qx(B) = ((M{")™'B, B) (4.5)
For any cochains A € C* and B € Zg_k, the quotients

—12
A1l [[Bllgs-+

Qr(MyA) Qy(B)

are unaffected if K is uniformly scaled by a positive factor s € R,
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Proof. The proof closely mimics that of Lemma 2.55. We start with the claim

for dual cochains. By (2.17), we have that ||§||%3—k(sK = S2k_3||EH%3—k. Hence,

)
it suffices to show that (MP“a)~1 also scales as s%%73.

Note that the chain rule as stated in (2.16) still applies if the \; are
replaced by the generalized barycentric functions );. From Definition 4.1, we
see that W,,o scales as 1/s% since | x g is a volume measurement. Further,
for k # 0, W, has exactly 3 — k terms of the type V\; appearing in each
summand of its expression. Let (M) ! denote the ijth entry of (M)~

on the scaled mesh and let 0 < k£ < 3. Then

1 — x 1 x
Dual\—1 _ N
ozt = [ e () s ()

3
= i [ t@) Wosla) = shbaape
K i J

52(3—k) (YA

as desired. For the primal cochain case, we have from (2.15) that ||A||gk(5 K) =

5372%||a||2,. Observe that
Qr(Mya) = (Mya)" (M) ™" (MixA).
Thus, the value of Q,(MA) scales as s> 2Fs2F=35372F — §3=2F a5 desired. [

This scaling result suggests that we could have defined the cochain
norms using (MkD““l)_l and maintained the stability results. More formally,

we have the following result akin to Lemma 3.7.

Lemma 4.13. Let Q be a contractible, compact domain in R3 with primal

and dual domain meshes of a finite number of elements. Let mq denote
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the mazimum diameter of a mesh element and assume that we have a nice
refinement technique. Let A be a dual k-cochain. There exists a constant

a > 0 independent of mq such that
af |Zhr|] L < 1&g,
where the norm on the left is interpreted as [L*]® if k =1 or 2.

Proof. A binomial expansion gives the equality
2

= 12 _ R _ 1 -
|[Z&]| . :/ Y BroT Wk =< (MP) TR >=: Q4 ().
@ *a?fkeck
Hence Lemma 4.12 and the nice refinement assumption allow us to conclude
that there exists a uniform bound
—2
||

[[Zes] [

2
)

for some constant o dependent on the element shape quality parameters but

not the size or orientation of the element. ]

Lemma 4.13 says that the energy norm on cochains induced by the
dual interpolation map Zj is bounded in the same way as the energy norm
on cochains induced by the composed map *In,kM;ik. This was an essen-
tial ingredient in our proofs of discretization stability in Chapter 3 and thus

provides additional evidence for the naturalness of our approach.
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4.3 Improved Condition Numbers with (M?““l)_l

To maintain the numerical stability of a DEC-based method, the dis-
crete Hodge star matrix should have a bounded condition number. Put differ-
ently, the entries of the matrix should be roughly the same order of magnitude.
This requirement is frequently considered from the context of numerical anal-

ysis, but is often absent from the literature on discrete operators.

We first consider the size of entries in the diagonal Hodge star M.
These depend upon the relative size of dual-primal pairs, i.e. |xo®|/|oy|, sug-
gesting that geometric criteria on primal elements alone will not be sufficient
to control the condition number of the discrete Hodge star matrix. We show

some examples in Figures 4.4 and 4.5.

Figure 4.4: Examples illustrating how the measure of a primal simplex o*

(black) and its dual x* (red) need not be the same order of magnitude. (a)
In this 2D example, the ratio | x o!|/|c!| can be made arbitrarily small by
increasing the length of o'. (b) The ratio | x ¢!|/|c!| can be made arbitrarily
large by decreasing the length of o'. (¢) The ratio | x 02|/|0?| can be made
arbitrarily large by decreasing the area of o?. Thus, a discrete Hodge star
involving terms of the form | x ¢*|/|0*| may have a bad condition number
unless primal and dual mesh quality is controlled.

For M}"%on the other hand, the size of the matrix entries are con-
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Figure 4.5: Graded meshes also present a problem for discrete Hodge stars
involving primal-dual size ratios. The primal mesh shown here induces a wide
variation in values of | x o*|/|o*| for k = 0,1,2. This can cause ill-conditioned
M, matrices, resulting in numerical instability.

trolled by the size of the inner products of Whitney basis forms. The integrals
in (4.4) are on the order of the size of |oy|, meaning again that a large grada-
tion in primal mesh element size could produce large condition numbers and
hence numerical instability. Since it does not involve the size of dual mesh
elements, however, M} is more numerically stable against shape irregulari-

ties of dual mesh elements. Analogously, (MP4))~! is more numerically stable

against shape irregularities of primal mesh elements.

To provide concrete evidence for our intuitive numerical stability claims,
we present a simple example in 2D showing how M?wg and M can have
condition numbers an order of magnitude worse than (MP“)~! on the same
mesh. This serves as a proof of concept that the DEC-based dual formula-

tion of a problem can provide practical advantages in cases of difficult mesh

geometry.

In the 2D mesh shown in Figure 4.6, the labeled vertices of the primal
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Figure 4.6: Mesh used for sample calculation of M; matrices. The vertices

have coordinates v = (0,0), vo = (0, 1), v3 = (P, %), vy = (=P, %)

mesh have coordinates vi = (0,0), vo = (0,1), v = (P, 3), and v4 = (=P, 3),
where P is a free parameter we can adjust to modify the geometry. The
remaining vertices are chosen so that they form equilateral triangles with edges

013, 0923, 014, and o4, as shown. The orthogonal, circumcenter-based dual mesh

is shown in red.

Without loss of generality, fix any ordering on the mesh edges, begin-

ning with
{01270137014,023,024,---}- (4-6)
We first calculate the upper left 5 x 5 block of each matrix, yielding the matrix

values assigned to all possible interactions between pairs of these first five
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edges. Using the circumcentric dual mesh and definition (2.9), we compute

4P? — 1
4P

0000
0 0000

MlDiag: 0 0 o 00 --- (47)

0 0 0 o0

0 000 o

where o = 5 + ﬁ. Since M is diagonal, its condition number
is the ratio of its largest diagonal entry to its smallest. The uncomputed
diagonal entries will be very close to ¢ meaning the condition number can be
approximated as

; 4P% — 1
d <MD2“9> ~
con 1 1P /o

€ O(P).

Using the definition of M}V"# given in (2.11), we can also compute

a BB BB
B v 0 6 O
; 6 0 v 0 9
MVt = (4.8)
B 6 0 ~v O
g 0 6 0 ~
where o = 122}12;1, 8= 45821;1, v = %, and § = 45;135. We note that

some of the structure of MV suggested by (4.8) is an artifice of our ordering
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of the edges as stated in (4.6). However, the remaining diagonal entries of
MVt are all close to v, the entire matrix is symmetric, and the remaining
non-zero off-diagonal terms are roughly the same size. Thus, the eigenvalues of
the 5 x 5 matrix shown in (4.8) allow us to approximate the condition number
of M!V#  Using Mathematica, we find analytical expressions for the max and

min eigenvalues of the 5 x 5 matrix and take their ratio to approximate

2P +5V3P + VI88P1 — 120v/3P3 + 3P 4943 _

d MWhit
cond (M) 10v/3P + 18

o(P)

Finally, we compute (MP4))~! using the Sibson functions (Definition 2.59)

over the barycentric dual mesh, according to definition (4.3). This yields

v ¢ ¢ ¢ ¢

¢ 6 rk £ 0

(MlDual)—lz C k 6 0 € (49)

where ¢ = (77*0}2, 77*(7%2), ¢= (n*o'%2777*o'}3>7 0= <?7*a}3, 77*0}3), K= (77*0%3,77*0%3
and £ = (77*0%3, n*(,%?)) . Note that analytical expressions of these inner products
are not feasible due to the need to compute areas of intersection of irregular
polygons in the definition of the A functions. Instead, using Matlab, we create
a simple grid-based quadrature method to estimate the entries of (MID“‘”)_1

for various values of P. As with M!V" we then estimate the condition number
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of the entire matrix by the ratio of the max and min eigenvalues of the 5 x 5

matrix given in (4.9).

We tested the cases P = 2, 5, and 10. The integral required to compute
¢ has support outside of the portion of the dual mesh shown in Figure 4.6.
We thus set & to be the same as (, since both are inner products associated to
adjacent edges in the dual mesh. The computed values of k were very small, as
expected; we found that setting x to zero did not affect the condition number

estimate. Our results are summarized in Table 4.1.

P | cond (MfW) cond (MY"#)  cond <(Mf)ual)_1)

2 6.3 3.2 1.5
) 17.2 9.9 1.3
10 34.6 21.6 1.4

Table 4.1: Comparison of condition numbers of different discrete Hodge stars
for various values of P.

Our numerical experiments thus provide evidence for the claim

cond ((MP**)™") € O(1).

The above example confirms that while our dual discrete Hodge star has
an analogous definition to the primal discrete Hodge star, its condition number
is indeed controlled by the geometric properties of the dual mesh elements, not
those of the primal mesh elements. This fact is especially useful for problems on
tetrahedral meshes where slivers (narrow, nearly planar tetrahedra) frequently

occur and are difficult to remove.
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We conclude with a more general conjecture. The example just pre-

sented provides evidence for the case n =2, k = 1.

Conjecture 4.14. The condition number of (Mfﬁ,‘il)fl is governed by differ-

ent mesh geometry properties than the condition number of My, ™% and MYhit.
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Chapter 5

Conclusions and Future Work

This thesis can be viewed as a set of initial results toward a much
broader theory of dual discretization methods. We have shown that discretiza-
tion stability can be achieved using dual meshes as part of certain types of
mixed methods (Sections 3.1-3.4) as well as in single variable, node-based
methods in 2D (Section 3.6). Moreover, we have shown that Whitney-like
functions with the proper conformity can be constructed in a natural way
over 2D or 3D dual meshes (Section 4.1) and that using a discrete Hodge star
associated with such functions may offer improved numerical stability results
(Section 4.3). We now discuss a few possible directions that can be pursued

from these beginnings.

Higher order 7, functions. The interpolation functions we defined
are ‘lowest order’ in the sense that are linear in \;. A natural question to
consider is how these might be extended toward higher order basis functions
which maintain HA* conformity but obtain faster convergence estimates for
the same data regularity assumptions. For primal discretization methods, this
question has been studied in many papers relating to FEEC, for instance [3,

6, 49]. From a DEC standpoint, however, these approaches are less attractive
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since the higher order Z; functions have many degrees of freedom associated

with simplices of dimension greater than k.

To address this problem, Rapetti and Bossavit [78, 79] have given an
alternate construction of higher order Whitney forms which keeps the degrees
of freedom for a k-form associated with k-simplices. Their approach is based
on ideas from Hiptmair [57] and others, but ultimately produces spanning
sets larger of dimension larger than the requisite basis. As a result, certain
functions must be discarded and the method relies on heuristics. Nevertheless,
the large body of work on the topic of higher order interpolation points toward

the possibility of higher order Z, functions being developed.

Spectral analysis of M} and (MkD“al)fl As Conjecture 4.14 sug-
gests, our dual discrete Hodge star may result in better conditioned linear
systems in certain circumstances. We have shown in Lemma 4.13 that 7 is
bounded in an analogous sense to the Z, operator. Note that if we consider
the dual cochain A with all entries 1 in this case, the result is close to an upper
bound on the matrix 2-norm of (MkD““l)_l. The tools of spectral analysis may

aid in proving specific results along these lines.

Surface finite elements. All the methods presented in this thesis
are for ‘flat’ domains, i.e. n-manifolds with boundary embedded in R". How-
ever, many important PDE problems are formulated and approximated using
boundary domains, especially meshes of two-dimensional surfaces embedded
in R3. Of relevance here is the work by Dziuk [36] for nodal finite elements

on triangulated surfaces and its extension by Demlow [31] for higher order ap-
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proximation. Holst and Stern [61] have recently developed a framework that
generalizes those works by an extension of FEEC theory. Carrying out a simi-
lar type of analysis from a DEC perspective could allow for dual discretization

methods on these sorts of boundary domains.

Alternate generalizations of barycentric coordinates. As men-
tioned in Section 2.10, the Sibson coordinates used in this paper are but one
in a stable of many possible generalized barycentric coordinates. We have al-
ready analyzed the how the discretization stability estimates associated to a
few of these types have distinct dependencies on geometric properties of 2D

dual meshes [48]; a similar analysis for 3D dual meshes is underway.

Moreover, while many of these generalized coordinates have been imple-
mented in computer graphics contexts, few have been incorporated into finite
element codes as we have proposed here. The implementation of dual dis-
cretization methods with various coordinate definitions will help reveal which
type in practice offers the best balance between accuracy of approximation

and speed of computation.
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Appendix A

Continuous Hodge Star

The operator * requires some work to be defined in a general sense as
its definition has to be shown to be independent of the selected basis. We
outline the standard approach to its definition here; more details can be found

in many differential topology textbooks such as [1, 52].

Definition A.1. Let V be vector space of dimension n with a real inner
product < -, >y: V x V — R. The inner product on A(V) denoted by
< -,- > is defined as follows. Let {vy,...,v,} be a basis of V. We say that
elements of the form v;, A... Av;, have grading k. Define the inner product
of elements with different gradings to be zero. Define

< Vi, Vjy >v o0 < Uy, V5, >V
< vy AN, U AL DA, >= det :
< V4, V5, >v o < Uy, U5, >V

For the inner product of arbitrary elements of A(V'), extend the above defini-

tions bilinearly. O

We have a general result akin to Theorem 2.4.

Lemma A.2. If {ey,...,e,} is an orthonormal basis of V' then

{eg NooiNe,, 1 0<iy <--- <ip <n}
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is an orthonormal basis of A(V).

The proof is lengthy but straightforward.

Lemma A.3. Let V be a real vector space of dimension n with a real inner
product < -,- >y: V. xV — R. Let {eq,...,e,} be an orthonormal basis of V.
Define g;; by

Gij =< €j,€j >y .

Given arbitrary v := > vie; and w := > w;e; (with v;,w; € R), write

n

<v,W >y= E Vi GijW;.
,j=1

Then (g;;) forms a symmetric, positive definite, invertible n by n matriz.

Proof (Sketch): The symmetry follows from symmetry of the inner product.
The positive definite claim comes from positive nature of inner product. In-

vertibility is a consequence of positive definiteness. O

Definition A.4. Let V be vector space of dimension n with a real inner
product < -, >y: V x V — R. The inner product on A(V) denoted by
< -,- > is defined as follows. Let {ey,...,e,} be a basis of V. Let (g;;) be the
matrix defined in Lemma A.3 and (g%) its inverse. Let o, 3 € A*(V). Let I
denote an increasing sequence of k indices i; < --- < 7. Then a and § have

unique expansions

a=> ae!,  p=> pe
I I
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where aj, 37 € R and e := e A ... Ae’*. Define

51 - Zgiui .. _gikjkﬁj

J

where J also ranges over increasing sequences of k indices j; < - -+ < ji. Define

<a,f>= ZOU/BI _ Z [alzghjl ngjkﬁJ]
1 1 J
¢

Definition A.5. Let {ej,...,e,} be an orthonormal basis for A(V') with pos-

itive orientation. The Hodge Star operator denoted by * is
w: AF(V) = ARV,

defined as follows. For 0 < k < n, let 0 € 5, satisfy o(1) < --- < o(k) and

o(k+1)<---<o(n). Then * is defined by
* (60(1) A A ea(k)) := sign(o) (ea(k.ﬂ) Ao A ea(n)) )
For k =0 and k£ = n, % is defined by
(1) =de; A---Ae, and x(eg A---Aey,) ==+l

where the sign is “+” if e; A+ -+ Ae, lies in the component of A" (V') determined

by the orientation and “-” otherwise. O

Lemma A.6. The Hodge Star is the unique operator satisfying the relationship
aAxfB=<a,fB>pn VYo,BeA(V), (A.1)

where p is the volume element of A(V'). Therefore, x is well-defined.
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Proof. First we show that * satisfies (A.1) and then show that it must be
unique. Fix an orthonormal basis {ey,...,e,} of V such that p=e; A... Ae,.
Let a := e, A...Ney, B =€) A... Negpy with 43 < -+ < g, o(1) <
- <o(k),and o(k+1) <---<o(n),oc €S, Let [ :={1,...,n}. Observe
that ¢ : I — [ is an isomorphism and iq,...%, are distinct elements of I.
Therefore, either there exists L such that i, € {o()}, ] = k+1,...,n or
{i;} ={o(4)}, j =1,... k. In the former case, e;, appears twice in o A %3
meaning a A x5 = 0. In the latter case, both sequences are strictly increasing
with respect to j meaning i; = o(j) for j = 1,...,k, and hence a = 3. Now

observe that by definition
<, B >=det(< €, €xmn) >V )mn-

The only non-zero entries of the matrix must lie on the diagonal since the e;
are an orthonormal basis. In the former case, i, & {o(1),...,0(k)} so that
the Lth row of the matrix is all zeros, yielding < «, 5 >= 0 as desired. In the
latter case, each diagonal entry is < e, (j), €,(;) >v= 1 so that < a, 8 > (=<

a,a >) = 1. Hence

aN*xa = () N... Negy) A (58D 0)esrr) A ... A €on)
= (sign o)e,q) A ... A eon)
= et N...Ney,

= <oa,a>U
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We note that % operates on forms in a natural way since T,(Q)* is a
vector space and a form is a smooth choice of bases for these spaces as x ranges

over §).
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H(curl) norm, 23
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